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UNIVERSAL BASES AND GREEDY ALGORITHMS!
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ABsTRACT. We suggest a three step strategy to find a good basis (dictionary) for
nonlinear m-term approximation. The first step consists of solving an optimization
problem for a given function class F', when we optimize over a collection D of bases
(dictionaries). The second step is devoted to finding a universal basis (dictionary)
Du € D for a given pair (F,D) of collections: F of function classes and D of bases
(dictionaries). The third step deals with constructing a theoretical algorithm that
realizes near best m-term approximation with regard to D,, for function classes from
F.

We work this strategy out in the model case of anisotropic function classes and
the set of orthogonal bases. The results are positive. We construct a natural tensor-
product-wavelet type basis and prove that it is universal. Moreover, we prove that
greedy algorithm realizes near best m-term approximation with regard to this basis
for all anisotropic function classes.

1. INTRODUCTION

In this paper we discuss in the model case of anisotropic function classes a
general approach of how to choose a good basis (dictionary) for approximation. This
approach consists of several steps. We concentrate here on nonlinear approximation
and compare realizations of this approach for linear and nonlinear approximations.
The first step in this approach is an optimization problem. In both cases (linear
and nonlinear) we begin with a function class F' in a given Banach space X with a
norm || - || := || -||x. A classical example of optimization problem in the linear case
is the problem of finding (estimating) the Kolmogorov width

dp(F,X):= inf sup inf ||f—chg0j||.
j=1

P1yPm fEF ClyesCm

This concept allows us to choose among various Chebyshev methods (best ap-
proximation) having the same dimension of the approximating subspace the one
which has the best accuracy. The asymptotic behavior (in the sense of order) of
the sequence {d,,(F, X)}°_; is known for a number of function classes and Ba-
nach spaces. It turned out that in many cases, for instance, in the case F' = W
is a standard Sobolev class and X = L,, the optimal (in the sense of order) m-
dimensional subspaces can be formed as subspaces spanned by m elements from one
orthogonal system. We describe this for the multivariate periodic Holder-Nikol’skii
classes N Hf. We define these classes in the following way. The class N Hf,
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R = (Ry,...,Rq) and 1 < p < o0, is the set of periodic functions f € L,([0, 27]%)
such that for each I; = [R;] + 1, j =1,...,d, the following relations hold

lij . .
(1.1) 1fllp <1, 1A fllp < 161, j=1,....d,

where Ai’j is the [-th difference with step ¢ in the variable x;. In the case d = 1
N Hf coincides with the standard Holder class Hﬁ. It is known (see for instance
[T1]) that

(1.2) A (NHE, L) < m 9B 1 <p < oo,
where
d
_ —1\—1
g(R):= () _R;")
j=1

It is also known that the subspaces of trigonometric polynomials 7 (R, 1) with fre-
quences k satisfying the inequalities

|kjl SQg(R)l/ij j:]-:"'7d7

can be chosen to realize (1.2). In this case [ is set to be the largest satisfying
dim 7 (R,l) < m. We stress here that optimal (in the sense of order) subspaces
T (R,l) are different for different R and formed from the same (trigonometric)
system.

A nonlinear analog of the Kolmogorov m-width setting was discussed in [T2].
In [T2] we replace the Chebyshev method of best approximation from a linear
subspace of dimension m by best m-term approximation with regard to a given
orthogonal basis and optimize over all orthogonal bases. Thus in the nonlinear case
we formulate an optimization problem in a Banach space X for a pair of function
class F' and collection D of bases (dictionaries) D:

om(f,D)x = inf —|[f— > cigillx;
=1

gi€D,c;,1=1,...,
om(F,D)x := sup o, (f, D) x;
fer

Um(F7 ]D))X = ,%ré%gm(F; D)X

In this paper we consider only the case D = O — the set of all orthogonal bases on
a given domain. In Section 3 we prove that

(1.3) om(NHE, 0)p, < m™9®)
for
l<g<oo, 2<p<oo, g(R)>(1/q—1/p)s.

It is important to remark that the basis U¢ studied in [T2] realizes (1.3) for all
R (see the definition of U¢ in Section 3). We introduce the following definition of
universal dictionary.



Definition 1.1. Let two collections F of function classes and D of dictionaries be
given. We say that D € D is universal for the pair (F,D) if there exists a constant
C which may depend only on F, D, and X such that for any F' € F we have

O‘m(F, D)X S CO‘m(F, ]D))X

The second step in our approach is to look for a universal basis (dictionary)
for approximation. The mentioned above result on the basis U¢ means that U? is
universal for the pair (F,([A, B]), Q) and the space X = L,([0,2x]?) for A, B € Z%
such that g(A) > (1/¢—1/p)+, 1 < ¢ < 00, 2 < p < 00, where

F[AB))={NH} : 0<A;<R;<Bj<oco, j=1,...,d}.

It is interesting to compare this result on universal basis in nonlinear approximation
with the corresponding result in the linear setting. We define the index x(m, F, X)
of universality for a collection F with respect to the Kolmogorov width in X:

k(m,F,X):=L(m,F, X)/m,

where L(m, F, X) is the smallest number among those L for which there is a system
of functions {¢;}E£ ; such that for each F' € F we have

L

sup inf [|f =D cipill < dm(F, X).
fchl,...,CL i—1

It is proved in [T3] (see also [T1, Ch.3, S.5]) that for any A, B € Z% such that
B; > Aj;,j=1,...,d, we have

(1.4) r(m, Fp([A, B)]), Ly) > (logm)¥™!, 1< p< 0.

The estimate (1.4) implies that there is no Chebyshev methods universal for a
nontrivial collection of anisotropic function classes. Thus, from the point of view
of existence of universal methods the nonlinear setting has an advantage over the
linear setting.

After two steps of realizing our approach in the nonlinear approximation we get a
universal dictionary D, for a collection of function classes F, say, U? for F,([A, B]).
This means that the dictionary D, is well desinged for best m-term approximation
of functions from function classes in the given collection. The third step is to find
an algorithm (theoretical first) to realize best (near best) m-term approximation
with regard to D,,. It turned out that in the model case of F,([A, B]) and the basis
U? there is a simple algorithm which realizes near best m-term approximation
for classes NH f. This is thresholding or greedy type algorithm. We give the
definition of greedy algorithm for a general basis. Let W := {14}, be a basis for
X. Represent f € X in the form

F=> " clf, U)y.
k=1
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Then ||cx(f, U)ir|| — 0 as k — oco. We enumerate the summands in the decreasing
order

||C’€1 (f7 \I])w/ﬁ || > ||C’€2 (f7 \I])wkz || > ...
and define the m-th greedy approximant as

m

i=1

We prove in Sections 2 and 3 that (1.3) can be realized by greedy algorithm
G#p(f, U%). Namely,

(1.5) sup ||f — GLr(f,U%)]|r, < m™9U),
fENHE

for
1<g,p<oo, g(R)>(1/qg—1/p);.

In this paper we realize three steps of our approach in the model case of periodic
anisotropic function classes N H, f. However, we present the results in sufficiently
general form to include wavelet type bases.

Section 4 is devoted to one more good property of the basis U?. We prove there
that soft thresholding algorithm with regard to an unconditional basis is a mapping
from the Lipschitz class.

2. THE UPPER ESTIMATES FOR ANISOTROPIC FUNCTION CLASSES
We consider in this section a basis ¥ := {11 } ;e p enumerated by dyadic intervals
Iof [0,119 1 =1 x --- x I, I is a dyadic interval of [0,1], j = 1,...,d, which
satisfies certain properties. Let L, := L,(£2) with normalized Lebesgue measure

on Q, |2 = 1. First of all we assume that for all 1 < ¢,p < oo and I € D,
D := D([0,1]%) is the set of all dyadic intervals of [0, 1]¢, we have

(2.1) lorllp = llrllgl 11719,

with constants independent of I. This property can be easily checked for a given
basis.

Next, assume that for any s = (s1,...,84) € Z%, s; >0, j = 1,...,d, and any
{cr} we have for 1 < p < 0o

(2.2) 1> ervrllh = > llerdrll,

IeDg IeDg
where
Dy:={I=Lx---xIgeD : |[|=27% j=1,...,d}

This assumption allows us to estimate the L,-norm of a dyadic block in terms of
Fourier coefficients.
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The third assumption is that ¥ is a basis satisfying the Littlewood-Paley in-
equality. This means the following. Let 1 < p < oo and f € L, has an expansion

f= ZfﬂﬂI.
T

We assume that

(2:3) im0 Y D fbal, =0,

min; p;—00
iH sj<pj,j=1,...,d €D,

and

(2.4) e = NQ T D freorl) e

S IeDg

Let p € Z2, i >0,5=1,...,d. Denote by ¥(u) the subspace of polynomials of

the form
Y = > > e

Sjguj,j:]. ..... dIGDS

We begin studying approximative properties of ¥ satsfying (2.1)—(2.4) by two lem-
mas.

Lemma 2.1. Let1 < g <p<oo. Then for any f € ¥(u) and h > 0 we have

(2.5) #I o\ frvrllp > B} < || fllghme20 e/l
with a constant independent of f, h, p.
Proof. Denote
A(f,h) =41 = frdillp = R} N(f, h) = #A(f, h)
and
As(f,h) .= A(f,h)N Dyg; Ns(f, h) :=#As(f, h).
We estimate first Ns(f, h). Denote
)i= Y fror
IeD,
By (2.2) and (2.1) we have
15(HIE =1 D frnlld =< > bl =

IeD; IeD;
Z I frr |2 > Z ||fI¢IHgQ(q/p—1)IISII1 > pa2la/p=Dlsli N (£ p).
I€A(f,h) I€As(f,h)
Thus,
(2.6) Ny(f, h) < [165(f) | gn— a2 e/l

In order to derive the estimate (2.5) from (2.6) we need the following two inequalities

(2.7) ZI|5 NPV < Ifllp < ZH5 Plipe)te

with p; := max(2,p) and p,, := min(2, p).
The relation (2.7) is a corollary of the Littlewood-Paley inequalities (2.4) and
the following inequalities.
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Lemma 2.2. For any finite collection {fs} of functions in L,, 1 < p < oo ,we

have
O L7 <N I < O s lB) P

Proof. We prove first the upper estimate. For p = oo it is obvious. Let 2 < p < oo,

then 12 _
I 2 = I S A1 <

lelfsl lp/2)'/ = lefsll )2

Let now 1 < p < 2. Then

21/2) _ 2\p/2\1/p
H(Es |fs17) " llp (/Q(% | fs[2)P72) /P <
1/p _ p\1/p
(/Q ES | fs[?) (§S | fsl[5)" 7.

We proceed now to the lower estimate. Again for p = oo it is obvious. Let 2 < p <
0o. Then we have

1A 2l 2 Q1) 2l = Q17 15)

For 1 < p < 2 we have

0l = 1 1 PYRE <

( /Q APl )17 = 1CS 12

Lemma 2.2 is now proved.

We return to the proof of Lemma 2.1. Using (2.6) and (2.7) we get in the case
q<?2

h) = ZNS(f’ h) = ZNS(f’ h)2~(=a/pPlisllig=a/plisll <

s<p s<p

(Z(Ns(f’ h)2_(1_Q/p)||5H1)QZ/Q)Q/QZ (Z o(l=a/p)lIslli(1—q/q)~" )l—q/qz <

s<p s<p
Z 185(£)]|2) ya/ag(=a/Plinlh  p= quHq2(1 a/pliellh
s<p
In the case 2 < ¢ < oo we get similarly

N(f,h) < (O No(f, hy2=@-a/llslnya-a/plulh

s<p



(1—q/p)llpll1 q q9(1—q/p)llpll
165 ()I13)2 < h7Y f|32 :

5<u
This completes the proof of Lemma 2.1.
Denote by T} the thresholding mapping:

V()= >,  fror

I:|| frrllp>h

Lemma 2.3. Let 1 < g <p<oo. Then for each f € ¥(u) we have

£ = TE ()l < A2 f 20ty

Proof. We estimate first [|05(f — T3 (f))|l,- We have

10:(f =TENIE < > frrln <h=2 Y |l frllE <

I€DN\AL(f,h) I€D,

BP—4 Z ||f1w1!|g2<1“”p)”5”1 < hp—qH(;S(f)||32(1—q/p)||5||1_
IGDS

Therefore,
(2.8) 185 (f = TH(F)lp < W =9P(|[85(f)]| 20/ a7/ sl yare,

Next, using the Hélder inequality with a parameter [ we get from (2.7) and (2.8)
that
If = T2l < O N10:(f = TP )7 <

s<p

hi=a/p( Z 164(f quu/pg(l/q 1/p)llslliapu/py1l/pu

s<p

pi- q/p Z 165(f |qz q/(pqz)(g(l/q 1/p)||u||1)q/p <

s<p

hl—Q/P(||f||q2(1/q—1/17)||ﬂ||1)Q/P.

This completes the proof of Lemma 2.3.
Remark 2.1. Let h > 0 be given. Denote

AZ(foh) =L = |[frdrllp = hi

Take any subset Y C A=(f, h) and denote

TP (f)= > frir

TIEA(f,h)\Y
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It is not difficult to see that Lemma 2.3 holds with 7} replaced by T,f’y with any
Y C A=(f,h) and the constant in the estimate does not depend on Y.

We define now a function class. Let R = (R1,...,Rq), R; >0,j=1,...,d, and
as above

For natural numbers | denote
U(R, 1) :=W(u), i =[g(R)/R;], j=1,...,d
We define the class H, f(\I/) as the set of functions f € L, representable in the form
F=> t, teU(RI), |t <2790
1=1

Theorem 2.1. Let1 < q,p < oo and g(R) > (1/q—1/p)+. Then for ¥ satisfying
(2.1)-(2.4) we have

sup  ||f — GLr (£, 9)], < m™9E.
fEHR (D)

Proof. We need some simple properties of the Fourier series of functions in H f(\ll).

Denote
S(f, R,1) = > 8s(f);

s;<[g(R)l/R;],j=1,....d
fR,l = S(vavl+1) _S(vavl)
It is easy to derive from the definition of H(¥) that
(2.9) If = S R Dl < 279000 and | frallq < 279001
We consider first the case ¢ < p. Take h > 0 and specify n such that
o~ (ntD)(g(R)+1/p) - p < 9—n(9(R)+1/p)
Then for a function f € Hf(i[l) by (2.9) and Lemma 2.1 we get

(2.10) #L o 1l = k) <

on 4 4 Z 92— 9(R)lg+(1-q/p)l o on

I>n

We estimate now the L,-norm of

fo = f = T3(f).



We have

(2.11) 1fully < IS (s Bym)llp + D I1S(fas Ry L4+ 1) = S(fa B, D)
I>n

By (2.9) and Lemma 2.3 we get

(2.12) IS(fa, R+ 1) — S(fn, R, 1), < B~ 4/P2lm9®BIFA/a=1/p)0a/p,

For S(fn, R,n) we have

(2.13) 1S (s Bon)llp < > 165 (f)llp <

s; <[g(R)n/R;],j=1,....d
Z pollslii/p o pon/p,
s;<[g(R)n/R;],j=1,....d

Combining (2.12) and (2.13) we get from (2.11)
(2.14) |.fnllp < 27900,

Taking into account (2.10) and Remark 2.1 we get from here the estimate in The-
orem 2.1 for ¢ < p. It is clear it implies the general case 1 < ¢,p < oc.

3. APPROXIMATION OF ANISOTROPIC HOLDER-NIKOL’SKII CLASSES

We study here m-term approximation in the L,-norm of functions from classes
NHf with regard to the basis U?:=U x --- x U.
We define the system U := {U;} in the univariate case. Denote

2" —1 ion
612 T _ 1

U:(l’)zzelkx:ﬁ, ’)’L:O,]_,Q,...;
k=0

Ubp(@) =" Ut (z —27k2™"), k=0,1,...,2" — L;
Un_k(x) = e_iQn‘”U:{(—x +21k27"), k=0,1,...,2" — 1.

It will be more convenient for us to normalize in Lo the system of functions
{UF,,U- .} and enumerate it by dyadic intervals. We write

m,k’ ' n,
Ur(z) :=2""2U  (z) with I=[(k+1/2)27" (k+1)27")

and
Urp(x) :=2""2U, (z) with I=[k27", (k+1/2)27").

Denote

Df ={I:T=[(k+1/2)27" (k+1)27™), k=0,1,...,2" —1}

n
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and
D, ={l:1=[k27" (k+1/2)27"), k=0,1,...,2" — 1},

DO = [O, 1), D .= UnZO(D: U DT:) U D().
It is easy to check that for any I,J € D, I # J we have

(Ur,Uy) = (27r)_1/0 ! Ur(z)Uj(x)dz =0,

and
U115 = 1.

We use the notations for f € Ly

fr={f,Ur) = (2m)~" ' f@)U(x)dz;  f(k) = (2m)"! ' flx)e 2 dy

0 0
and
25+l R —2° ‘ R
63 (f) = fl)e™s o,(f) = Y. fk)e™; do(f) = f(0)
k=2s k=—2s+141

Then for each s and f € L; we have

55 (f) = Z f1Ur; 05 (f) = Z frUr; 0o(f) = flo.1)-

IeDT IeDy

Moreover, the following important for us analog of Marcinkiewicz theorem holds

(3.1) 163 (HIE = > IfUnlEs N8 (DI = D Uil

IeDYF IeD7

for 1 < p < oo with constants depending only on p. We note that (3.1) and
boundedness of operators 07, 0, as operators from L, into L,, 1 < p < oo, imply

55 () +6-(AHIE= Y AU

IeDtuD;
that is the property (2.2) from Section 2.
We remark that
(32) Ul = VP72 1 < p < oo

which implies for any 1 < ¢,p < o©

(3.3) ULl = UL lg 11744,
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This relation gives the property (2.1) from Section 2. In the multivariate case of
r = (21,...,24) we define the system U? as the tensor product of the univariate
systems U. Let I =1, x ---x 14, I; € D, j=1,...,d, then

= HUIj (z;).

For s = (s1,...,84) and € = (€1,...,€4), €, = + or —, denote
D ={l:I=Ix--xI; LeD9, j=1,..d.

Sj )

It is easy to see that (3.2) and (3.3) are also true in the multivariate case. It is not
difficult to derive from (3.1) that for any € we have

165 = > U,

IeDs

and

(3.4) HZ(V W= > U5, 1<p <o,

Ieu Ds
with constants depending only on p and d. Here we denote
> Jwet
k€Ep(s,e)

where
,O(S, 6) = 61[251,251+1 — 1) X oo X 6d[25d,25d+1 . 1)

The convergence

(3.5) Clim || — Z 256 Ny =0, 1<p< oo,

min; p; —00
3 B s;<pj,j=1,.

and the Littlewood-Paley inequalities
(3.6) 11l = 1IC Z | 256 )2l

are well-known. Thus U? satisfies the properties (2.1)—(2.4) from Section 2.
Denote for given R and n

ER = inf — ..
w (f)p te%?R,n)“f I

It is known (see [T1], Ch.2, S3) that for f € NHf we have
(3.7) ER(f), < 279dm,
This implies that for some C' > 0 we have
NHF c HEUHC :={f : f/CeHIUN}.

Therefore Theorem 2.1 gives.
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Theorem 3.1. Let 1 < q,p < oo; then for R such that g(R) > (1/q — 1/p)+ we
have

sup || f — GEr(f,U)]], < m™ 91,
fENHE

We discuss now a question of what other systems ¥ satisfying (2.1)—(2.4) are

also good for approximating the classes N H, f. The following lemma combined
with Theorem 2.1 gives a sufficient condition.

Lemma 3.1. Let R = (Ry,...,Rq) € Zi and 1 < g < oo be given and A be a
number such that A > R;, j = 1,...,d. Assume that a basis ® := {¢1}1cp([0,1))
of functions on a single variable has the following approrimative property. For any
0 <r < A we have

En(Hj, ®), := sup inf||f — Z crorllg <27

feHy = 1]>2n
Then for ®* := ® x --- x ® we have
Ef(NHqR, ®%), := sup inflf— Z crorlly < 279 B

NHR ©I
JENH, |I;|>2 9B/ Ry 51 ..d

and for smoe constant C
NHF c HF(®@)C.

Proof. We get from (3.7) that each f € NH, f has a representation
(3.8) F=> "t teT(RI); |ty <2790
1=1

We study first the multivariate analogs of approximation of functions on a single
variable. Fix 1 < j < d and define

Enj(f,®)g:= inf |f(@)= > er(@)or(z;)]o,

cr(xd
1(zd) |I|>2-n
where {L’J = (l’l, e ,.Z'j_l,l'j_|_1, e ,.Zli'd).

For any trigonometric polynomial ¢t € 7(R,[) we can estimate £, ;(t, ®), using
the following two arguments. The first one is trivial

(3.9) Enj(t, ®)q < [Itllq-
The second one uses the Bernstein inequality: for any 2/ we have
(3.10) D5, 1) g < (e, a?) 2o PR,

where the L,-norm is taken only in the variable z;. The inequlity (3.10) implies
that for any 2/ we have

t(,a7) € HyC'2r s je(, ),
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and, therefore, for 0 < r < A we get by our assumption that
(3.11) B j(t,®), < 20 E =4
We take now f € NH f and prove that
By i(f, @), <27,

We choose a number r such that R; < r < A and use the representation (3.8).
Applying (3.11) for [ < L :=nR;/g(R) and (3.9) for [ > L we obtain

(3.12) En,j(f, (I))q < Z 9—rnog(R)(r/R;—1)l + Z 2—9(R)l o 9—nR;
I<L I>L

We use now the following inequality
d
(3.13) EX(f, 9% < Cp,d) Y Bytrym/r,.5(F, ®g,
j=1

which is an analog of Bernstein’s theorem (see [B] and also [P], [Ti], [T4]). We prove
here Theorem 3.2 that is a more general inequality than (3.13). The inequality
(3.13) combined with (3.12) implies for f € NHJ that

B (f, 8, < 270",

This completes the proof of Lemma 3.1.
We prove now an analog of the Bernstein theorem mentioned above. Let X be
a Banach space and let ¥ be a basis for X. For a given set G of indeces denote

Ec(f)x = cl?efc; 1fF = etbillx

i€eG

Consider a projector S¢ which maps a function f € X to

Sc(f) =Y ci(f) where f= Zci(f)@bi-

e
If GG is finite then the operator S is a bounded operator from X onto
X¢ = span{t; }iec-
In the case of infinite G we define
X :=span{y;tiec

and assume that G is such that the operator Sg is a bounded operator from X
onto Xg. In the case of unconditional basis ¥ the operator Sg is bounded for all
G with the norm bound independent of G.
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Theorem 3.2. Let two sets Gy and Gy of indeces be such that
(3.14) IS¢, |lx-x <B, j=1,2.

Denote G := G1 N Gy. Then for any f € X we have

Ec(f)x < 2(B+1)*(Eq,(f)x + Ea,(f)x)-

DN —

Proof. We estimate || f — Sa(f)||x. Let us represent

SG(f) = SG:[ (f) - SG1\G2(f)

and estimate

(3.15) 1f = Sa(f)llx <|If = Se. (H)llx + I1Sana. (f)lx-

By the assumption (3.14) we get

(3.16) If = Se, (Hllx < (B+1Ee, (f)x-

Next, we have

(3.17) [Sene. (Flx < B(B+1)Eq,(f)x-

Combining (3.16) and (3.17) we obtain from (3.15)

(3.18) If = Sa(Nllx < (B+1)(Eq, (f)x + BEg,(f)x)-

Changing the roles of G; and G5 we get in the same way

(3.19) If = Sa(fllx < (B+1)(BEq,(f)x + Ea,(f)x)-

Adding (3.18) and (3.19) we get the required inequality.

We prove now the lower estimates in best m-term approximation. These proofs
are similar to the corresponding ones from [T2, S.4].

Theorem 3.3. Let 1 < ¢,p < oco. Then for R such that g(R) > (1/q —1/p)+ we
have
om(NHE, UY), > m= 90,

Proof. We need a concept of the entropy numbers. For a bounded set F' in a Banach
space X we denote for integer m

em(F, X) ==inf{e: 3f1,..., fom € X :  F C UL (f; +€B(X))},

where B(X) is the unit ball of Banach space X and f; +€eB(X) is the ball of radius
e with the center at f;.
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In this proof we use the following estimates
(3.20) em(NHf, L) =m™ 9B 1<qp<oco, g(R)>(1/q—1/p),.

These estimates should be considered known and can be derived, for instance, from
the finite demensional results (see [S]) by standard arguments of descritization. The
estimates (3.20) will be used in the general method which roughly speaking states
that m-term approximations with regard to any reasonable basis are bounded from
below by the entropy numbers. We formulate now one result from [T5] (see Th.4
with b= 0).

Assume a system W := {1);}22, of elements in X satisfies the condition:

(VP) There exist three positive constants A4;, i = 1,2, 3, and a sequence {ny}?° ,
np+1 < Aing, k =1,2,..., such that there is a sequence of the de la Vallée-Poussin
type operators Vi with the properties

Vk}(w]) = )‘k,jwja )\k,j =1 for j = 1, ey, N )\k,j =0 for j > Agnk,

(3.21) WVillx—x < As, k=1,2,...
Theorem 3.4. Assume that for some a > 0 we have
em(F,X)>Cim™, m=23...

Then if a system VU satisfies the condition (VP) and also satisfies the following
condition

(3.22) En(F,¥):=sup inf |f=> cojlx <Con™, n=12,..;

Clyeeny
fere =

we have
O'm(F, \I/)X > m~ 2.

We use this theorem with ¥ = U? and X = L,. As a sequence of operators V,
we take

Valf) = > J1Ur =

|1;|>2 9B/ Ry 51 ..d

> > 5.

5;<2n9D/Rj 1 j—1...d €

It is well known that for any 1 < p < oo
||Vn||Lp—>Lp S C(pa d)

The relation (3.22) follows from (3.7). Thus Theorem 3.3 follows from Theorem 3.4
and the estimates (3.20).
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Theorem 3.5. For any orthogonal basis ® we have for R such that g(R) > (1/q—
1/p)+
Um(NHqR,‘I)h >m 9 1< g< o0

Proof. The proof of this theorem is similar to the univariate case (see [K]). We
shall not carry it out here and formulate only the key lemma of the proof (see [K,
Corollary 2]).

Lemma 3.2. There exists an absolute constant Cy > 0 such that for any orthonor-
mal basis ® and any N -dimensional cube

N
By(0) =) ajibj, la;| <1, j=1,...,N;

j=1

U= {wj}évzl an orthonormal system}

we have

4. SOFT THRESHOLDING IS A LIPSCHITZ MAPPING

In this section we assume that a basis U = {¢} }?2 is an unconditional normal-
ized (||vx|| =1,k =1,2,...) basis for X.

Definition 4.1. A basis ¥ = {1 }72, of a Banach space X is said to be uncon-
ditional if for every choice of signs 0 = {0}, 6 =1 or —1, k =1,2,..., the
linear operator My defined by

Me(z apr) = Z arOky
k=1 k=1

s a bouded operator from X into X.

The uniform boundedness principle implies that the unconditional constant

K:=K(X,V):= Sup [ Mo]|

is finite.
The following theorem is a well known fact about unconditional bases (see [LT],
p.19).
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Theorem 4.1. Let ¥ be an unconditional basis for X. Then for every choice of
bounded scalars {\,}72 ,, we have

1Y~ Arartpr]| < 2K Sup el arte
k=1 k=1

(in the case of real Banach space X we can take K instead of 2K ).

In numerical implementation of nonlinear m-term approximation one usually
prefers to employ the strategy known as thresholding (see [D, S.7.8]) instead of
greedy algorithm. We define and study here the soft thresholding. Let a real
function v(z) defined for x > 0 satisfies the following relations

1, forx>1
(4.1) v(z) =
0, for0<z<1/2

(4.2) lv(z)| <A, z€]0,1];
there is a constant Cp, such that for any z,y € [0, c0) we have
(4.3) [v(z) —v(y)| < Crlz —yl.
Let -
F=> el f)v
k=1

We define a soft thresholding mapping T , as follows. Take € > 0 and set

Teo(f) =Y vllew(H)l/€)er( )

k

Theorem 4.1 implies that
(4.4) [ Teo (F)Il < 2KA| £l

We prove now that the mapping 7 , satisfies the Lipschitz condition with a constant
independent of e.

Theorem 4.2. For any € and any functions f,g € X we have

1 Teo(f) = Tew(9)ll < BA+2CL)2K]|f — gl

Proof. Let € > 0 be fixed. We use for simplicity the following abbreviated notations:

ur(f) = v(lex(Hl/€)s vi(g) = v([er(g)l/e)-

Then we have

(4.5) Te(f) = Tew(9) = D (e )on(f) = crl9)vn(9)vn =

k
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> (eu(f) = er(@)or(Fve + Y eu(9) (w(f) = vilg)) e =: T1 + Ta.

k

For the first sum we have by Theorem 4.1

(4.6) 121 < 2K [{ok (N} f = gl < 2KA[f = g-

In order to estimate the second sum we introduce the set

Alg,e):={k : e(g)l=¢€}
and write
Sa= Y a(@on(f) —on@)ve+ D clg)wr(f) — vr(g))r =: 55 + 55,
keA(g,e) kZA(g,e)

Let us estimate first ¥5. We have

ek (9)(0r(f) = v (9))] < €CLlex (P = len(g)ll/e < Crlex(f) = cx(9)]-
We get from here by Theorem 4.1
(4.7) 122]] < 2KCL|1f =gl

We proceed to estimating Y. Represent X in the form

¥ = > c(9) (Ve (f) — ve(9)) e+

keA(g,e)NA(f,€)

Yo @) n(f) —on(g))n = oy + .

keA(g,€)\A(fe)

For k in the first sum we have from the definition of v that v (f) = vx(g) = 1 and
thus 35 ; = 0. Let us estimate now the following sum

L= Y aD () = ok(9) v

keA(g,e)\A(f¢€)
Similarly to 3} we get
(4.8) 12| <2KCL||f - gll-

Next, we have

49) IZ=Sl =11 > (@ —er(H) () —vr(9)) ]l < 2K24]f—g].

keA(g,e)\A(f€)

Combining the estimates (4.5)—(4.9) we complete the proof of Theorem 4.2.
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Theorem 4.2 provides a way of constructing greedy type algorithms which have
the Lipschitz property. For instance one can use a soft thresholding algorithm with
regard to U to approximate functions from classes N HqR and also from classes
MW, and M H; with bounded mixed derivative or difference (see [T2]). A problem
of constructing a continuous mapping in m-term approximation was discussed in
[Du]. The following remarks will be useful in this regard.

1). The system U? is an unconditional basis for L,, 1 < p < co. See [W] for
d = 1. The general case d > 1 follows from the case d = 1 by standard arguments
(see for instance [DKT]).

2). Denote by T¢ the thresholding algorithm, i.e. T; := T, with u(z) = 1 for
x > 1 and u(x) = 0 otherwise. Then by Theorem 4.1 we have

(4.10) If = Teo(F)]| < 2KA[|f = Te(f)]-

Thus, if we have upper estimates for thresholding algorithm 7. (greedy algorithm)
then we can derive from them the corresponding upper estimates for soft thresh-
olding algorithm.

In [KT] we studied the concept of greedy basis, i.e. a basis ¥ such that for each
f € X we have

|f = Gun(f,9)|| < Gon(f,¥), m=1,2,...,
with a constant GG independent of f and m. Denote

m(f.e)i=#{k + le(f)] > e

Then (4.10) implies that if ¥ is a greedy basis we have for each f € X

(411) Hf - Te,v(f)“ < G/Um(f,e) (f? \I])

We note here that (4.11) implies that ¥ is a greedy basis. The proof of this state-
ment uses the arguments from [KT] and can be carried out as follows. We have
proved in [KT] (see Theorem 1) that ¥ is greedy iff ¥ is unconditional and demo-
cratic.

Definition 4.2. We say that a basis ¥ = {11 }72, is a democratic basis if for any
two finite sets of indices P and @ with the same cardinality #P = #Q) we have

(1.2) 1> ekl < DI vl

keP ke

with a constant D := D(X, V) independent of P and Q.

Using the arguments from [KT] which were used to prove that greedy basis is
unconditional and democratic we prove that (4.11) implies that ¥ is unconditional
and democratic. It remains to apply Theorem 1 from [KT] to complete the proof.
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