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ON THE LEBESGUE TYPE INEQUALITIES
FOR GREEDY APPROXIMATION

D.L. DoNoHO, M. ELAD, AND V. N. TEMLYAKOV

ABSTRACT. We study the efficiency of greedy algorithms with regard to redundant dictionaries
in Hilbert spaces. We obtain upper estimates for the errors of the Pure Greedy Algorithm
and the Orthogonal Greedy Algorithm in terms of the best m-term approximations. We call
such estimates the Lebesgue type inequalities. We prove the Lebesgue type inequalities for
dictionaries with special structure. We assume that the dictionary has a property of mutual
incoherence (the coherence parameter of the dictionary is small). We develop a new technique
that, in particular, allowed us to get rid of an extra factor m'/2 in the Lebesgue type inequality
for the Orthogonal Greedy Algorithm.

1. INTRODUCTION

A. Lebesgue proved the following inequality: for any 2m-periodic continuous function f
one has

(1.1) 15 = Su(F)ll < (4+ S Imm) B (e

where S, (f) is the nth partial sum of the Fourier series of f and E,,(f)c is the error of the
best approximation of f by the trigonometric polynomials of order n in the uniform norm
| - llso- The inequality (1.1) relates the error of a particular method (.S,,) of approximation
by the trigonometric polynomials of order n to the best possible error E, (f)s of approx-
imation by the trigonometric polynomials of order n. By the Lebesgue type inequality we
mean an inequality that provides an upper estimate for the error of a particular method
of approximation of f by elements of a special form, say, form A, by the best possible
approximation of f by elements of the form A. In the case of approximation with regard
to bases (or minimal systems) the Lebesgue type inequalities are known both in linear and
in nonlinear settings (see surveys [KT], [T3]). It would be very interesting to prove the
Lebesgue type inequalities for redundant systems (dictionaries). However, there are sub-
stantial difficulties on this way. We begin our discussion with the Pure Greedy Algorithm,
(PGA). We say a set of functions D from a Hilbert space H is a dictionary if each g € H
has norm one (||g|| := ||g||lz = 1) and the closure of spanD coincides with H. We describe
the PGA for a general dictionary D. If f € H, we let g(f) € D be an element from D
which maximizes |(f, g)|. We will assume for simplicity that such a maximizer exists; if not
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suitable modifications are necessary (see Weak Greedy Algorithm in [T2]) in the algorithm
that follows. We define

G(f,D) = (f,9(fNg(f)

and

R(f,D) =f- G(f,D)

Pure Greedy Algorithm (PGA). We define fo := Ro(f,D) := f and Go(f,D) := 0.
Then, for each m > 1, we inductively define

Gm(f7 D) = Gm—l(f7 D) + G(Rm—l(f7 D)7D)
Jm = Rm(fa D) =f- Gm{fa D) = R(Rm—l(fa 'D),'D)

It is natural to compare performance of the PGA with the best m-term approximation
with regard to a dictionary D. We let %,,,(D) denote the collection of all functions (elements)
in H which can be expressed as a linear combination of at most m elements of D. Thus
each function s € ¥,,,(D) can be written in the form

s:chg, ACD, #A<m,
geA

where the ¢, are real or complex numbers. In some cases, it may be possible to write an
element from %,,(D) in this form in more than one way. The space X,,(D) is not linear:
the sum of two functions from %,,(D) is generally not in X, (D).

For a function f € H we define its best m-term approximation error

om(f) = om(f,D):= _inf |f—s|.

SEX (D)

It seems like there is no hope to prove a nontrivial Lebesgue type inequality for the PGA
in the case of an arbitrary dictionary D. This pessimism is based on the following result
from [DT].

Let B := {hy}?2, be an orthonormal basis in a Hilbert space H. Consider the following
element

g:=Ahy + Ahy +aAY (k(k+1))""/?hy,
k>3

with
A:=(33/89)/2 and a:=(23/11)Y2
Then, ||g|| = 1. We define the dictionary D = B U {g}. It has been proved in [DT] that for

the function
f="hi+he

we have

If = Gm(f. D) =m™"2, m >4
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It is clear that o3 (f, D) = 0.
Therefore, we look for conditions on a dictionary D that allow us to prove the Lebesgue
type inequalities. The condition D = B is an orthonormal basis for H guarantees that

[Bon (f, B)|| = o (£, B)-

This is an ideal situation. The results that we will discuss here concern the case when we
replace an orthonormal basis B by a dictionary that is, in a certain sense, not far from an
orthonormal basis.

Let us begin with results that are close to known results from [T1]. We give a definition
of a Ad-quasiorthogonal dictionary with depth D. In the case D = oo this definition coincides
with the definition of a A-quasiorthogonal dictionary from [T1].

Definition 1. We say D is a A\-quasiorthogonal dictionary with depth D if for any n € [1, D]
and any g; € D, i=1,...,n, there exists a collection ¢p; € D, j=1,...,J, J<N:=
An, with the properties:

gi € Xy :=span(p1,...,05), i=1,...,n,
and for any f € Xj we have

max_[(f, ;)| > N7Y2| £

1<5<J

Remark 1. It is clear that an orthonormal dictionary is a 1-quasiorthogonal dictionary.

The following theorem in the case D = oo has been established in [T1]. The corresponding
proof from [T1] also works in the case D < oo and gives the following result.

Theorem 1. Let a given dictionary D be A-quasiorthogonal with depth D and let 0 < r <
(2\)~! be a real number. Then for any f such that

om(f,D)<m™", m=12...,D,

we have

[fmll = [If = Gm(f, D)l < C(r, ym™", m € [1, D/2].

In this paper we consider dictionaries that have become popular in signal processing.

Denote
M(D):= sup [{g,h)|
g#h;g,h€D

the coherence parameter of a dictionary D. For an orthonormal basis B we have M (B) = 0.
It is clear that the smaller the M (D) the more the D resembles an orthonormal basis.
However, we should note that in the case M (D) > 0 the D can be a redundant dictionary.
We show in Section 2 (see Proposition 2.1) that a dictionary with coherence M := M (D)
is a (1 + 49)-quasiorthogonal dictionary with depth §/M, for any § € (0,1/7]. Therefore,
Theorem 1 applies to M-coherent dictionaries. We will prove here a general Lebesgue type
inequality for the PGA with regard to a M-coherent dictionary.
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Theorem 2. Let a dictionary D have the mutual coherence M = M (D). Then for any
S <1/(2M) we have the following inequality

(1.2) I£s11* < 21l fll(os(f, D) + 5M S| f]))-

As a direct corollary of this theorem we obtain the following inequality for functions f
that allow a S-sparse representation in D (og(f) = 0):

Ifsll < (L0MS) 2| £].

The inequality (1.2) is the first Lebesgue type inequality for the PGA in the case of inco-
herent dictionary D.

We now proceed to a discussion of the Orthogonal Greedy Algorithm (OGA). If Hy is
a finite dimensional subspace of H, we let Py, be the orthogonal projector from H onto
Hy. That is Py, (f) is the best approximation to f from Hy. As above we let g(f) € D
be an element from D which maximizes |(f, g)|. We shall assume for simplicity that such a
maximizer exists; if not suitable modifications are necessary (see Weak Orthogonal Greedy
Algorithm in [T2]) in the algorithm that follows.

Orthogonal Greedy Algorithm (OGA). We define f§ := R§(f) := R(f,D) :== f and
G§(f) :=G§(f,D) :=0. Then for each m > 1, we inductively define

Hy, :=Hp(f) := span{g(R5(f)), -, 9(Ry, 1 (f))}
G (f) =G, D) = Pu, (f)
fo = B (f) =Ry, D) == f = G7.(f)

It is clear from the definition of the OGA that at each step we have
L£m Ml < 17—l = e 9 (Frm DI
We note the use of this inequality instead of the equality

1fmll® = 1l fm=1I” = [{frn—1, 9(frm—1))I?

that holds for the PGA allows us to prove an analogue of Theorem 1 for the OGA. The
proof repeats the corresponding proof from [T1]. We formulate this as a remark.

Remark 2. Theorem 1 holds for the OGA instead of the PGA (for || f2,|| instead of || fml|)-

The first general Lebesgue type inequality for the OGA for the M-coherent dictionary
has been obtained in [GMS]. They proved that

£l < 8m! 2oy (f) for m < 1/(32M).
The constants in this inequality were improved in [Tr] (see also [DET]):
(1.3) Ifoll < (L4 6m)! 2oy (f) for m <1/(3M).

We prove here an analogue of (1.2) for the OGA.
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Theorem 3. Let a dictionary D have the mutual coherence M = M (D). Then for any
S < 1/(2M) we have the following inequalities

(1.4) 1£31% < 20 Rl (os-x(fR) + BMS|F), 0<k<S.

The inequality (1.4) can be used for improving (1.3) for small m. We prove here the
following inequality.

Theorem 4. Let a dictionary D have the mutual coherence M = M (D). Assume
m < 0.05M~2/3. Then for 1> 1 satisfying 2' < logm we have

—1
Hfsm(zl—U“ < 6m* op(f).

Corollary 1. Let a dictionary D have the mutual coherence M = M (D). Assume
m < 0.056M~2/3. Then we have

||f[omlogm]|| < 240m(f)

2. PROOFS
We will use the following simple known lemma (see, for instance, [DET]).

Lemma 2.1. Assume a dictionary D has mutual coherence M. Then we have for any
distinct g; € D, 5 =1,...,N and for any a;, j =1,..., N the inequalities

N
(Zlaj|2)(1— N —1)) <||Zajg]||2 Zlagl )+ M(N —1)).

Proof. We have

N
||Zajgj||2 Z|a3|2+zaza3 gz:gj
i=1

i#£]
Next,

N
1> aia(gig;)] < MY laia] = MY laia;| = |ail?)
%7 =1

i#£] i#]
= M(QY_ lail)* = Y laal®) < Q_lad )M (N ~1). O

We now proceed to one more technical lemma (see [DET]).
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Lemma 2.2. Suppose that g1,...,gn are such that ||g;|| =1, i=1,...,N; [{(9i,9;)| < M,
1<i#j<N. Let Hy := span(g1,...,gn). Then for any f we have

(- Krgd) = Z\ )"0 M - 1)),

where {c;} are from

Proof. We have (f — Py (f),9:;) =0,i=1,...,N and therefore

N

[(Fo 90| = [(Prry (), 90)] = 1D ei{950 90) = leil (1 + M) — MZ|CJ|

j=1

ext, denoting o := 1 lc; and using the inequality > ._; |¢;| < o we ge
Next, denoti 1 le;)/? and using the i lity S0 Jej] < N1/2 t

Z\ £ > o(1— M(N - 1)).

OJ
The following proposition is a direct corollary of Lemmas 2.1 and 2.2.

Proposition 2.1. Let 6 € (0,1/7]. Then any dictionary with mutual coherence M is a
(1 + 49)-quasiorthogonal dictionary with depth 6 /M.

Proof. Let n < §/M. Consider any distinct g; € D, i = 1,...,n. Following the Definition 1
we specify J =n, ¢; =g;,j=1,...,n. For any f = Z?Zl a;jg; we have by Lemma 2.2

n

max [(£,g5)] =07 V2(3T (. g) )2 2 n A(Y a1~ M)
j=1 =1

Using the assumption n < 6 /M we get from here by Lemma 2.1

i 000 2 ™ g 12 (1 +45) 72

This completes the proof of Proposition 2.1. [

The proofs of Theorems 2 and 3 are similar. We combine these theorems in one Theorem
2.1 and carry out the detailed proof only for the OGA.
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Theorem 2.1. Let a dictionary D have the mutual coherence M = M (D). Then for any
S < 1/(2M) we have the following inequalities

(2.1) 178117 < 20 fRll(os—k(fR) +3MS| ), 0<k<S,
1£s1? < 2[1fII(os(f) + 5MS]| f])-
Proof. Denote

(2.2) d(f) := sup [(f, g)|-

geD

For simplicity we assume that the maximizer in (2.2) exists. Then

fnll* = N fmarll® = d(frn-1)* and [[f2 17 < I f5 2017 = d(fi-0)*

We carry out the proof for the OGA and later point out the necessary changes for the PGA.
Let k € [0, 5) be fixed. Assume f? # 0. Denote by ¢1,...,gs—x C D the elements (distinct)
that have the biggest inner products with f7:

|90 = [fR 92 = - = [(fEs 9s—k)| = sup (R )

geDvg#9171:177S_k

We define a natural number s in the following way. If (f?, gs_x) # 0 then we set s := S —k,
otherwise s is chosen such that (f?,gs) # 0 and (f?, gs+1) = 0. Let m € [k, k + s) and

fT?l:f_PHnL(f):fk?_PHm(fIg>7 Hm:span(gol,...,gpm), (,OjGD.

We note that (f2,¢;) =0, 1 € [1,k]. Therefore, each g¢;, i € [1,s], is different from all ¢y,
l=1,...,k. There exists an index i € [1,m + 1 — k] such that ¢g; # ¢;, j =1,...,m. For
this ¢« we estimate

(2.3) (fom>9i) = {22 9i) — (Pr,,. (7)), 9i)-
Let
Pu,, (fy) ZCJSDJ

Clearly, ||Pw,, (f2)|l < [/f2]l. Then by Lemma 2.1
O lesHY? <RI = M(m = 1)) 72,
j=1

We continue

(24)  [(Pa, (f2), 9001 < MY |ej] < Mm% Z\C )2 < MSYR| SR - MS) T2

j=1 =
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Thus, we get from (2.3) and (2.4) that

d(f5) = [0 90| = (g0l = MSY2|| 2 (1= MS)™V2, i€ [Lm+1—k].

Therefore,
k+s—1 s
(2.5) Z d(fO)? = O (S8 gi)l = MSY2|| 211 (1 = M S)~1/2)%)1/2
i=1
> (Y1 9a))Y2 = MS|IFRI( — MS) 2.
i=1
Next, let

as—k(f2) = 12 = Pawy (FOI,  Prem)(f2) Zb]wj, n<S—k,

where ¢; € D, j = 1,...,n, are distinct. Then

1Pr () (SN = RN — o5-#(fF)

and by Lemma 2.1

(2.6) Zlb 2> (LRI = os—k(F2)* A+ MS) ™"

By Lemma 2.2

(2.7) S IR el Z\b\ )(1— MS)?
j=1

We get from (2.6) and (2.7)

ZI a0 = ZI ol = (IR = os-w(£2))? (1 + MS)™H(1 = M)

Finally, by (2.5) we get from here

k+s—1

@8) (X AU = () - o5 nUD) g7 — MSIFEI = 28) 717
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and k+s—1 k+s—1
£l < el = D dlr)® < 2NN = Y d(f)A)M?).
v=k v=k

We now use (2.8) to estimate

k+s—1

(2.9) L2l =Y dif)>)?
v=k

1-MS MS

< os-k(f0) + 1IN - Gz + T

Let MS < 1/2. Denote z := M S. Using the inequalities

1—2x 3
——— O <
(1+x)t/2 ~ L 9T = 1/2,

and
(1- x)—1/2 < 91/2 <

[\CR V]

, T <1/2,

we continue (2.9)
< os—k(fy) + 3MS| 7]l

This completes the proof of Theorem 2.1 for the OGA. A few changes adapt the above
proof for kK = 0 to the PGA setting. As above we write

fo = F = Gum(f); Gm(f) =D bjbj, ¥; €D,
j=1

and estimate |(fy,, g;)| with ¢ € [1, m + 1] such that g; # ¢;, j = 1,..., m. Using instead of
1 Pr,,, (S < [If]] the inequality

|G (DI < I+ [l < 20 7]
we obtain the following analogue of (2.4)
(2.10) (G (), g0} < 2MSY2|fl[(1 - MS)~/2.

The rest of the proof is the same with (2.4) replaced by (2.10). O

We now show how one may combine the inequalities from Theorem 3 with the inequality
(1.3). We formulate Theorem 4 here for convenience.
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Theorem 2.2. Let a dictionary D have the mutual coherence M = M (D). Assume
m < 0.05M~2/3. Then for 1 > 1 satisfying 2! < logm we have

(2.11) 1£2 -yl < 6m? o)

Proof. We will prove (2.11) by induction on . In the case [ = 1 by (1.3) the inequality
(2.11) holds because 0.05M ~2/3 < M~'/3. We now assume that (2.11) holds for I —1 > 1.
Using Theorem 3 with S = m(2! — 1), k = m(2"~! — 1) we get

(212) @l < 20 0@- - (@mar (frai-1 1) +3Mm(2' = D 5 i-1pD)-

The application of Theorem 3 is justified by the inequality

MS < M2'm < 0.05M*3(log(1/M))

Wl N

<1/2,

where we have used the estimate

(2.13) r%In(1/z) < (ae)™t, x€]0,1],

for a > 0. By the induction assumption we obtain from (2.12)

(214) I ll? < 12m* " 0w () om(f) + 3Mm2'6m™ 0 (1)).
We will prove that under our assumptions

(2.15) 18Mm 2" ol < 2.

It is clear that (2.14) and (2.15) imply (2.11). So, it remains to establish (2.15). In the case
[ =2 we have
18Mm3/?4 < 72(0.05)%/% < 2.

Let [ > 2 be such that 2! < logm. Then we have
18Mm 2" "2t < 0.9M=2"")/31ogm < 0.6M /6 log(1/M).
We obtain from (2.13) that
o In(1/z) <6/e, x€]0,1].

Therefore,
M'/%1og(1/M) < 6(loge) /e < 9/e.

It remains to note that
0.6(9/e) < 2.

This completes the proof of (2.15) and the proof of Theorem 4. [
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Corollary 2.1. Let a dictionary D have the mutual coherence M = M (D). Assume
m < 0.056M~2/3. Then we have

Hf[c;nlogm]H < 240m(f)

Proof. Let [ be such that 2! < logm < 2!*!. Then

—1 -1
m2 — 22 logm < 4

)

and B
6m? < 24.

It remains to apply Theorem 2.2. [
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