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DECOMPOSITION OF TRIEBEL-LIZORKIN AND BESOV
SPACES IN THE CONTEXT OF LAGUERRE EXPANSIONS

G. KERKYACHARIAN, P. PETRUSHEV, D. PICARD, AND YUAN XU

ABSTRACT. A pair of dual frames with almost exponentially localized elements
(needlets) are constructed on R‘_’f_ based on Laguerre functions. It is shown that
the Triebel-Lizorkin and Besov spaces induced by Laguerre expansions can be
characterized in terms of respective sequence spaces that involve the needlet
coefficients.

1. INTRODUCTION

The primary goal of this paper is to construct frames on Ri := (0,00)® with
nearly exponentially localized elements, based on Laguerre functions and utilize
them to the characterization of spaces of distribution on Ri. We are interested
in extending the fundamental results of Frazier and Jawerth [5, 6, 7] on the -
transform on R? in the context of Laguerre expansions.

From the three types of Laguerre functions available in the literature we focus our
attention on the Laguerre functions {F2'} (see (3.1)) which form an orthonormal
basis for the space LQ(]R‘fH wq) with weight

d
(1.1) wa(x) = [[ =5
j=1

For various technical reasons we will assume that a; > 0, while in general o;; > —1.
The other two classes of Laguerre functions {£$} and {MZ} (see (3.4)-(3.5)) form
orthogonal bases for L*(R%) (weight 1). The d-dimensional Laguerre functions F2
are products of univariate Laguerre functions, namely, 5 (x) := F2 (z1) - - - 2, (za)
(see (3.1), (3.3)). Hence the kernel of the orthogonal projector onto

(1.2) W, :=span{F) :|v|=n} isgiven by F(x,y):= Z Fr(x)FJ (y).
\

v|=n

Denote V,, := @, _, Wy,. Evidently, K, (z,y) := > _, F%(z,y) is the kernel of
the orthogonal projector onto V,,. A main point in the present paper is that for
compactly supported C* cut-off functions @ which are constant around zero the
kernels

(1.3) An(z,y) == ia(i)f?(x,y)

J
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decay rapidly (almost exponentially) away from the main diagonal in R (The-
orem 3.2). For the same kind of kernels associated with the Laguerre functions
{M2} in dimension d = 1 this fact is established in [4]. We show that similar
results are valid for {M2} and {£%} in dimension d > 1 as well.

We utilize the kernels from (1.3) to the construction of a pair of dual frames
{pe}ecr and {Velecxr with X a multilevel index set. As in other similar set-
tings, the almost exponential localization of ¢ and ¢ prompts us to call them
“needlets”. The needlet systems from this paper can be regarded as analogues of
the @-transform of Frazier and Jawerth [5, 6]. They are particularly well suited for
characterization of the Triebel-Lizorkin and Besov spaces associated with Laguerre
expansions. To be more precise, let @ € C*°, suppa C [1/4,4], and |a] > ¢ on
[1/3,3] and define

« — ~( M « .
Do(a,y) = Fi () and @y(ry) =3 a( g ) Faley), 5> 1,
m=0

Then for all appropriate indices (see Definition 6.1) the Laguerre-Triebel-Lizorkin
space F,! is defined as the set of all tempered distributions f on R‘i such that

1F Wl g = H (i [QSjWa(y; )P, f(')ﬂq)l/qH
=0

< 0.
p

Here @ « f(z) := (f, ®;(x,-)) (Definition 4.2) and the weight W, (n; z) is define by
d
(14) Wa(n;x) = H([EJ 4 n*1/2)204j+1'
j=1
Just for convenience we use dilations by factors of 47 on the frequency side as
opposed to the traditional binary dilation. The Laguerre-Besov spaces are defined
by the (quasi-)norm

||f||Bf,Z — (Z <25j||Wa(4j; .)*P/dq)j * f(.)”p)q)l/q.

j=0

Unlike in the classical case on R? the weight w, creates some inhomogeneity which
compels us to introduce the additional term W, (47; -)_”/ 4 with parameter p € R.
This allows to consider different scales of Triebel-Lizorkin and Besov spaces. For
instance, a “classical” choice would be p = 0. However, more natural to us are
the spaces F,; and By which embed “correctly” with respect to the smoothness
parameter s.

The main results in this article assert that the Laguerre Triebel-Lizorkin and
Besov spaces can be characterized in terms of respective sequence spaces involving
the needlet coefficients of the distributions (Theorems 6.7, 7.4).

Along the same lines one can develop a similar theory on R‘i with weight 1 using
the Laguerre functions {£S} or {M%}. For such spaces induced by {£2}, see [2].

This paper is an integral part of a broader undertaking for needlet character-
ization of Triebel-Lizorkin and Besov spaces on nonstandard domains (and with
weights) such as the sphere [12], interval [9], ball [10], and in the setting of Hermite
expansions [14].

The outline of the paper is as follows. All the information we need about Laguerre
polynomials and functions is given in §2. The localized kernels induced by Laguerre
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functions are given in §3. Some additional background material is collected in §4.
The construction of needlets is given in §5. In §6 the Laguerre-Triebel-Lizorkin
spaces are introduced and characterized in terms of needlet coefficients, while the
characterization of the Laguerre-Besov spaces is given in §7. Some proofs for Sec-
tions 3 - 4 are given in §8 and for Sections 5 - 6 in §9.

The following notation will be used throughout: ||z| := max; |z;|, |z| := Zle |z,

d 2 1/2 l/p
lalls == (S laal?) s 1l = (fpa [ @)Pwal@)dz) s |E] stands for the
Lebesgue measure of E C R%, u(E) := [, wa(x)dz, 1k is the characteristic func-

tion of E, and 1p := pu(E)~/?1p. Positive constants are denoted by ¢, c1, ¢, . ..
and they may vary at every occurrence; A ~ B means c1A < B < ¢y A.

2. BACKGROUND: LAGUERRE POLYNOMIALS AND FUNCTIONS

In this section we collect the information on Laguerre polynomials and functions
that will be needed in this paper. The Laguerre polynomials LY (o > —1) can be
defined by their generating function

Z Ly (z)r™ = (1 — r)_o‘_le_”/(l_”, Ir| < 1.
n=0

x

They are orthogonal on Ry = (0, 00) with weight 2%e~* | more precisely,

HR 0 D), e =Ta+ DLS(0)5,.

/0 Lo (x) Ly (x)e™Pa%dx = T+ 1) 7

where we used that L(0) = (") [16, (5.1.1)].

n

Let LS(z) := L3 (x1) -+~ L (z4) be the product Laguerre polynomials on R4,

where v = (v1,...,v4) € Nd and @ = (a1, ...,aq). For § > —1, define
- LS (z)L%(y) m+ 4
6 () = 6 v\ I 6 .
(2.1) PO (x5 y) : kg_o A, lygl_k [o0) A m )

This is a constant multiple of the nth Cesaro sum of the reproducing kernels for
Laguerre polynomials in dimension d. Using the generating function of the Laguerre
polynomials, it is shown in [19] that

(2.2) P (a,0) = L0 (|a).

The product formula for Laguerre polynomials (Hardy-Watson) [17, Proposition
6.1.1] asserts that: For o > —% and z,y € R4,

I'n+1)
F'n+a+1)
2¢ i
= L (m2 + y? + 2zy cos 9) e~ Ty oS eja_l/g(xy sin 0) sin®* 0de,
V2T ,/0 "

where j, () := 27 %J,(z) with J,(z) being the Bessel function.

(2.3) Ly () L5 (y*)
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It will be convenient to denote 2 := (z%,...,22). Combining (2.1)-(2.3), we
arrive at
24) PER ) = co [ PO(a(n,0.0),0)duc, 6)
[0,7]¢

d
meo [l 3 3 cos ) 0),
0,m i=1

where ¢, = (2r)~%/22lel H?Zl D(a;+1), z(z,y,0) = (21(x,y,0), ..., z4(x,y,0)) with
zi(z,y,0) = 22 + y2 + 22y, cos 0;, and
P, d
(2.5) dug ,(0) ==e™ = Ti¥i cos b Hjai_l/g(xiyi sin 0;) sin®* 6;d6.
i=1
Some standard asymptotic properties of Laguerre functions will be needed. The
univariate Laguerre functions £& are defined by

I(n+1) \V/2 _
2.6 La = (7) 1’/2 a/QLa .
(2.6) () Tntatl) e T “(z)
Lemma 2.1. Set N :=4n + 2a + 2. The Laguerre functions LS satisfy
(xN)*/2, 0<az<1/N,
Ny~ 1/N <z < N/2
2. o < (fE ) < < R
(2.7) Lo (z)| < c N-VA(NY3 4 |N —z|)"Y4, N/2 <z <3N/2,
e, x> 3N/2,

where v > 0 is an absolute constant.

This lemma is contained in [16, §8.22] (see also [17, Lemma 1.5.3]). Using that
I'n+a+1)/T'(n+1) ~ n® one easily extracts from (2.7) the estimates

(2.8) e T2 L ()| < en®/F VA 27VA L e R\ (N/2,3N/2),
and, for N/2 < x < 3N/2,

(2.9) e 2| L2 ()| < cx™ P2 YA 4 an 4+ 200 + 2 — 2] ) T4
Also, from (2.7)

(2.10) e "2|L2 ()| < en®, zeRy,
and since || £S||o < ¢, again by (2.7),
(2.11) e 2L (x)| < e(n/x)*?, zeR,.

Let K2 (z,y) be the reproducing kernel of the Laguerre polynomials. Then
— L§(x)L5 (y)

(2.12) KX (z,y) = ca Z o) z,y € Ry.
J=0 7
The Christoffel function is defined by
(2.13) X (z) = [K¥(z,2)] 7Y, zeR,.
For this function it is known that (see [11] and the references therein)
A (@)

(2.14) c1pn(x) < — < cpn(z), 0<a<dn,

(x+ ;)
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where

4+ 1
(2.15) on () = \/ iy

dn —x + (4n)1/3°

There are sharp estimates for L (z) in terms of ¢, (x). For any « > 0, let ¢, »
denote the/a zero of L% (x) that is closest to . Then (see e.g. [11])

(z — t,m)?

a+1
(2.16) [L%(z)]2 <x + 1) e ~ n®pn(2) 2 € [tin, tn)-

n (thyn — thyt1,n)?

Here and in the following ¢4, ..., ¢y, » denote the zeros of L (x). They are known
to satisfy [16, §6.31]
(2.17) ent <ty <ton < ..o <tpn <An42a 42— c(dn)t/3,
Furthermore (see [16, (6.31.11)]),

2 2 2
(2.18) e Sty < — 4 c(@)> and hence f, ~

n n n n

In addition (see [11] and the references therein),

(2.19) tyrin —tun ~ (pn(tlhn)'

Therefore, if v < (1 — ¢)n for some € > 0, then by (2.18) t,., < (1 —£)%4n + c(a),
and hence, using (2.19) and (2.15),

(2.20) tystm — ton ~ % if v<(1-e)n.
On the other hand, by (2.19) and (2.15), in general,

/
(2.21) S <tyiin = tyn < 'n/3

n

We will need the Gaussian quadrature formula with weight ¢*e~* on (0, c0) [16]:
00 n
@2) [T HORe s Y v f ), = Xl
0 v=1

where ¢, are the zeros of LY (t) and A% (x) is the Christoffel function, defined in
(2.13). This quadrature is exact for all algebraic polynomials of degree 2n — 1.
3. LOCALIZED KERNELS ASSOCIATED WITH LAGUERRE FUNCTIONS

3.1. The setting. There are three kinds of univariate Laguerre functions consid-
ered in the literature (see [17]), defined by

« L QF(n+ 1) 1/2 —m2/2 a2
(3.1) Fo(z) = (F(n+a+1)) e 2L (2%),
L% (z) have already been defined in (2.6), and
(3.2) M (z) == (22)/2L%(2?).

It is well known that {F3},>0 is an orthonormal basis for the weighed space

L2(Ry, z2* %), while {£},>0 and {M&},>0 are orthonormal bases for L?(Ry.).
Throughout this paper we will use standard multi-index notation. Thus, for

z € R and a € R, we write 2 := 2" ... 25%. We will use 1 to denote the vector
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1:= (1,1,...,1). Then, for instance, z'/? := x}/2 . x}/z. The d-dimensional
Laguerre functions are defined by

(3.3) Fi(x) = Fot(xr) ... Foi(xa),

(3.4) Ly(x) == Ly (x1) ... Lo (a),

(3.5) M () = My H(xy) ... My (xq),

where v = (v1,...,v4) € N¢ and o = (ay,...,0q). Clearly, z=%el*I£2(z) is a

polynomial of degree n = |v| =1y + -+ + v4 and
(3.6) Fo(x) =2¥2z7L% (22, ..., 22).

Evidently, {F2} is an orthonormal basis for the weighed space L*(R%, w,,), wa () =
z?1 while {£3} and {M&} are orthonormal bases for L?(R%) (with weight 1).

We will utilize the basis {FS} to the construction of frames for the space
L*(wy) == L*(R%, w,). The same scheme based on {£3} or {M<} can be used for
the construction of frames in L?(R%).

As explained in the introduction, kernels of type (1.3) will play a critical role in
the present paper. For our purposes we will be considering cut-off functions @ that
satisfy:

Definition 3.1. A function @ € C*[0,00) is said to be admissible of type (a) or
type (b) if @ satisfies one of the following conditions:

(a) suppa C [0,14v], a(t) =1 on [0,1], v > 0; or
(b) suppa C [u,1+ v], where 0 <u <1 and v > 0.

Here u, v are fized constants.

For an admissible function @ we introduce the kernels

(3.7) Ap(z,y) := Z’d(%)?ﬁ;(x,y) with  Fo (x Z Fi(x

m=0

(3.8) Kn(x, NE

tnqg

( )z:g;( y) with £2 Zza

0 lv]=
a

The rapid decay of the kernels A, (z,y), An(z,y), and A% (z,y) and their partial
derivatives away from the main diagonal y = z in Ri X ]Ri will be vital for our
further development.

3
I

|3

NE

(3.9) A} (z,y) = )M%(m,y) with My (z,y) Z M ()M (y).

3

0

3
I

3.2. The localization of A,, and its partial derivatives. Recall the definition
of the weight W, (n;z) := H?Zl(xi 4+ 72200t

Theorem 3.2. Let a be admissible and let o > 0. Then there is a constant c,
depending only on o, o, and a such that for x,y € Ri

/2

3.10 An(z,y)] < ¢o ’
(3.10) [An(z,y)| VW (15 2) /W (n:9) (1 + 02|z — y|))*
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and furthermore, for 1 <r <d,

(3.11) ‘ 9 A )‘ pld+1)/2
. ~ AnlT,Y S Co :

Oz, VWa(n;z)y/Wo(n;y)(1+n'/2||z — y||)7
Here the dependence of ¢, on @ is of the form ¢, = c(o, a) maxo<i<k Ha(l)HLoo,

where k > o + 2|a| + d/2.
In addition to this, there exists a constant o > 0 such that if z,y € R‘i and
max{|[[, lyll} > (6(1 +v)n + 3 +3)"/2, then

e—omax{||z||,[lyl|}*

(L+n'2le —yl)”

(3.12) [An(z,y)] < co

and, for 1 <r <d,

(3.13)

) A e—amax{\lm\LHyH}Q
’axr "(x’y)’ S T — gl

To keep our exposition more fluid we relegate the proofs of these and the esti-
mates to follow in this section to § 8.

We next use estimate (3.10) to bound the LP-integral of A, (x,y), in particular,
we show that fRi |An(z,9)|wa(y)dy < ¢ < oo.

Proposition 3.3. For 0 < p < oo, we have

(3.14) / |An (2, y)[Pwa (y)dy < en!@DE=DW, (n;z)~®=D ] 2 e RL.
Ry

Estimate (3.14) is immediate from (3.10) and the following lemma which will be
instrumental in the subsequent development.

Lemma 3.4. If s € R and o > d((2||a|| + 1)(|s| + 1) + 1), then

we (y) dy en~4/2

3.15 )
o e Wa(n;y)*(L+n!/2llz —yl)7 = Wa(n;z)s?

d
r e RY.

We next give a lower bound estimate:

Theorem 3.5. Let a be admissible in the sense of Definition 3.1 and |a| > ¢, > 0
on [1,1+ 7], 7 > 0. Then for any 6 >0

B16) [ ) Pual)dy = entWal) o€ 0.
2
where ¢ > 0 depends only on «, d, 7, §, and cs.

By the orthogonality of the Laguerre functions it readily follows that

[ o) Puni)dy = 3 atm/m) 25 (o, o)

+ m=0

and hence Theorem 3.5 is an immediate consequence of the following lemma.

Lemma 3.6. For any e >0 and § > 0 there exists a constant ¢ > 0 such that
n+|den ]|

(3.17) Z Fo(x,x) > en??Wo(n;2)™, 2 €[0,/(4—0)n)

m=n
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3.3. The localization of Kn and its partial derivatives. The localization of

the kernels A,, can be deduced from the localization of A, given above.

Theorem 3.7. Let a be admissible. Then for any o > 0 there is a constant ¢, > 0

; ~ d
depending only on o, o, and @ such that for x,y € RS,
~ nd/?

(3.18)  |An(z,y)| < co - T T ,

[T (i + ) ¥ (g R (1t 20t/ =y 2y

and, for 1 <r <d,
cnd/2+1
[T (i + 013 (g + n=1)3 (1 + nl/2[|z/2 — y1/2|)e

Here the dependence of ¢, on a is as in Theorem 3.7.

(3.19)

0 ~
_— <
‘8% An(x,y)‘ <

Estimates for A,, like the ones of (3.12)-(3.16) can be extracted from (3.12)-
(3.16). The results from this and the next subsections follow easily from Theo-
rem 3.2, see §8.3.

3.4. The localization of A} and its partial derivatives. The localization prop-
erties of A’ (z,y) appear simpler:

Theorem 3.8. Let a be admissible. Then for any o > 0 there is a constant ¢,
such that for x,y € ]Ri

nd/2
(1 +nt/2llz—yl)7’

(3.20) |AL(z,9)] < co

and, for 1 <r <d,
n(d+1)/2

3.21 .
(3:21) A+ n e =gl

9 s
‘axTAn(xvy)‘ < ¢
Estimates for A} similar to the ones of (3.12)-(3.16) can easily be obtained.

4. ADDITIONAL BACKGROUND MATERIAL
4.1. Norm equivalence.
Proposition 4.1. Let 0 < g<p<oo and g€V, (n>1). Then
(4.1) lgll < en'@Heb/a=t/plg)),
and, for any s € R,
(4.2) IWa(n;-)*g()llp < en'@DE TP, (0 )+ /2= ag ()],
Furthermore, for any s € R
(4.3) lglly < en™[[Wa(n;)*g()llq,
where M depends only on a,d,p,q, and s.

The proof of this proposition employs the localized kernels from §3 and is rather
standard. For completeness we give it in §8.



LAGUERRE TRIEBEL-LIZORKIN AND BESOV SPACES 9

4.2. Maximal operator. We define the “cube” centered at £ € Ri of “radius”
r > 0by Qe(r) == {z € RL : |lz —¢|| < r}. Let M; be the maximal operator,
defined by

1/t
(44)  MJ(x)= sup <M<1Q) /Q If(y)ltwa(y)dy> . zeRY,

Q:z€eQ
where the sup is over all “cubes” @Q in Ri with sides parallel to the coordinate axes
which contain z. It is easy to see that
d

(4.5) wQe(r)) ~r* TT(& +r)>th.

j=1

Hence p(Qe(2r)) < cu(Qe(r)), i.e. p(-) is a doubling measure. Therefore, the
theory of maximal operators applies and the Fefferman-Stein vector-valued maximal
inequality is valid (see [15]): If 0 < p < 00, 0 < ¢ < o0, and 0 < t < min{p, ¢},
then for any sequence of functions fi, fa,... on Rd

(49 (S asor) ], < (Zmor) ],

where ¢ = ¢(p, ¢, t, d, a).

bl

4.3. Distributions on Ri. We will use as test functions the set Sy of all functions
¢ € C*(]0,00)%) such that

(4.7 Ps(¢) := sup |270%¢(z)| < oo for all multi-idices v and 3,
zeRE

with the topology on Sy defined by the semi-norms Pg,. Then the space S’
of all temperate distributions on R‘_i._ is defined as the set of all continuous linear
functionals on Sy. The pairing of f € S, and ¢ € S+ will be denoted by (f, ) :=

f(¢) which is consistent with the inner product (f,g) fle We (x)dx in
LQ(Rﬁ'f_7 Wy ).
It will be convenient for us to introduce the following “convolution”:

Definition 4.2. For functions ® : Ri X R‘_f_ — C and f: Ri — C, we define
(18) B o) = [ @) fy)wa ()i

+
In general, if f € S and ® : R‘i X Ri — C is such that ®(x,y) belongs to S4 as
a function of y (®(z,-) € Sy), we define @ x f by
(49) @ f(2) = (/. B(),
where on the right f acts on ®(x,y) as a function of y.

We now give some properties of the above convolution that can be proved in a
standard way.

Lemma 4.3. (a) If f € S} and ®(-,-) € S (RL x RY), then ® « f € S;. Further-
more F« f € V,,.
(b) Iff € 8;7 (I)(7 ) € S+(Rd+ X Ri)7 and ¢ € 8+: then <(P * f7 ¢> = <f76* ¢>
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(C) Iffe ’S—/i-f (I)('a')v\Il('v') € S+(Ri X R(-io-)’ and (I)(%x) = @(m,y), \If(y,:E) =
U(z,y), then

Evidently the Laguerre functions {F2} belong to S;. Moreover, the functions
in S; can be characterized by the coefficients in their Laguerre expansions. Denote

(411)  PHo) =) (n+ D) |Fexglla =) (n+ 1)"( > \<¢,fﬁ‘>l2)1/2-
n=0 n=0 lvl=n

Lemma 4.4. A function ¢ € Sy if and only if |(¢, F*)| < cx(|v| + 1)7F for all
multi-indices v and all k. Moreover, the topology in Sy can be equivalently defined
by the semi-norms Py .

The proof of this lemma is given in §8.

5. CONSTRUCTION OF FRAME ELEMENTS (NEEDLETS)

In this section we construct frames utilizing the localized kernels from §3 and
a cubature formula on R‘j_. As explained in the introduction, we will only use the
Laguerre functions {F¢'} defined in (3.3).

5.1. Cubature formula. We will utilize the Gaussian quadrature (2.22) for the
construction of the needed cubature formula on Ri. Given n > 1, we define, for
v=1,...,n,
1 t 1 « t 1 af¢2 &2
(51) Son =/ tun and ¢, = iwy,ne o= iAn(tu,n)e o= 5)‘71( u,n)e Y
where {¢, ,,} are the zeros of L% (¢) and {w, ,} are the weights from (2.22).
It follows by (2.18) and (2.20)-(2.21) that

14
5.2 o~
(52) o~
(53) gl/—i—l,n - gl/,n ~ 77171/2 if 1 § 14 S (1 — 6)71,

and, in general,

(5.4) en~ Y2 < Eopin —&un < con /6.

Furthermore, using (2.14) and (2.19) we obtain

(55 cun ~ ealtun)tin ~ (trin = toa)thn ~ (Evrin = Enn)Eomt

Now, for v = (y1,...,74) € N¢ we set
d

(5.6) cym =[] eym and &= (Enmre o &yam)

Jj=1

Proposition 5.1. The cubature formula

(57) f(:c)g(:v)wa(x)da: ~ Z Z c’y,nf(g'y,n)g(g'y,n)

d
Ry yi=1 Ya=1

is exact for all f € V; and g € V,,, provided ¢ +m < 2n — 1.
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Proof. Evidently, it suffices to consider only the case d = 1. Suppose f € V; and
g € Vpp with £ +m < 2n — 1. Let f(z) =: F(z2)e */2 and g(z) =: G(22)e /2,
where F' € TIj, G € I, with II} being the set of all univariate polynomials of

degree < j. Then using the properties of quadrature formula (2.22), we get

oo o0 2 1 o0

/ f(@)g(x)we (z)de = / F(z*))G(a)2?* e ™ de = =
0

0 0

= %Zwy,nF(tu n Z

= Z S, "f(fv n) (fvm)a

F#)G(t)tYe tdt

gu n (éﬁ,n)

l\D\»—t

which completes the proof. O
To construct our frame elements we need the cubature formula from (5.7) with

(5.8) n=mn;:=c; (1 +110)V6-47| +1~ 47,

where 0 < ¢, <1 is the constant from (2.18) and 0 < 0 < 1/26 is an arbitrary but
fixed constant. For j > 0, we define

(5.9) Xj={(eRL:6=¢,,, 1<y <n;,1<(<d}.

Note that #X; = n? ~ 491 Now, if £ € X; and € = Eyonys We set ce 1= Cy ;-
As an immediate consequence of Proposition 5.1 we get

Corollary 5.2. The cubature formula

(5.10) [, @@uatade ~ 3 ccf©9(6)
RY cex;

is exzact for all f € V; and g € Vy,, provided £ +m < 2n; — 1.

Tiling. We next introduce rectangular tiles {R¢} with “centers” at the points
£e€X;. Set I :=10,(& + &)/2] and

I, = [(§-1+&)/2, (& + &v1)/2], v=2,...,nj,

where &, ==&, , v =1,...,n;, are from (5.1) and &, 11 := &, + 24/3,
To every £ =&, = (571, ..., &y,) in X; we associate a tile Re defined by

(5.11) Re:=1, x---x 1,
We also set
(512) QJ = UgerRg.

Evidently, different tiles R¢ do not overlap and Q; ~ [0,27]%.
By (5.5) it readily follows that

6:13) e~ u(Re) = [ wn(ehde o~ [Relun(€) ~ [ReWo(:c).

Assume & € &, € = &, and [|€]] < (1446)V/G-27. By (2.18) [|&,[| > ¢/ [[4]ln; /?

and hence ||v] < e 1/2(1 +46)V6 - 2%1;/2 < (1 — 0)n;, where the last inequality
follows by the selection of n; in (5.8). Therefore, for £ € X

(5.14) Re ~ & +[-27,277)" and p(Re) ~ 27 %wa(€) it €]l < (1+45)V6 -2/,
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while in general, for some positive constants ¢, ¢z, ¢, ¢”,

(5.15) E4+[—c1279,¢1277])4 C Re C €+ [—c2279/3,¢9279/%]7  and

(5.16) ¢27%0, (&) < u(Re) < 2773w, (€).

The following simple inequality is immediate from the definition of W, (n;x) in
(1.2) and will be useful in what follows:

(5.17) Wa(47;y) < Wa(#52)(1 +27|lz — y[)?*1H¢, 2,y e RY.

5.2. Definition of Needlets. Let @, b satisfy the conditions:

(5.18) @,b e C™(R), suppd,suppb C [1/4,4],
(5.19) Q)] [b(t)] > >0 ifte[1/3,3],
(5.20) a(t) b(t) +a(4t) b(at) =1 if ¢ € [1/4,1].
Hence,

(5.21) i aA—mH) b4 ") =1, te[l,00).

m=0

It is readily seen that (e.g. [6]) for any a satisfying (5.18)-(5.19) there exists b
satisfying (5.18)-(5.19) such that (5.20) holds.

Let @, b satisfy (5.18)-(5.20). Then we set

(5.22)  ®o(z,y) == Fg (z,y),

(4] 1>7:a x,y), and

Z_
(5.23)  Wo(x,y) = F&(x,y), Z b ) Faley), 5=

43-1

Let &; be the set defined in (5.9) and let ¢¢ be the coefficients of cubature formula
(5.10). We define the jth level needlets by
(5.24) pe(r) = c*®;(x,6) and Ye(z) =V (x,6), €€ A

Set X' := U72X;. We will use X as an index set for our needlet systems ® and .
For this reason, (possibly) identical points from different levels &; are considered
as distinct elements of X'. We define

(5.25) P = {petecx, V:={Yc}eca-
We will term {p¢} analysis needlets and {i¢} synthesis needlets.

Localization of Needlets. An immediate consequence of Theorem 3.2 is the
estimate: For any o > 0 there exists a constant ¢, > 0 such that for all z,y € Ri
€274

5.26 D;(x vz,
(5.26) (2, y)|, | y|—\/W 17, 2)\/Wa (@, y)(1 + 21|z — y]))7
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while ¢,27? can be replaced by c(o, L)277F if max{||z], |y||} > (1+8)v/6-27, where
L > 0 is an arbitrary constant but the constant ¢(o, L) depends on L as well. We
employ (5.26) and (5.13) to obtain for £ € X

id
c29d/2 d

ekl = Tl T

(5.27)

and

c2-IL
5.28 )|, z)| < - - )
(539 Ipel@h @) S et

We next show that S’ and LP (Ri) have discrete decompositions via needlets.

if &)l = (1+0)V6- 27,

Proposition 5.3. (a) If f € S, then

(5.29) f= Z\I!j * @« f in S\ and
j=0

(5.30) F=> (f,pe)be in S}
fex

(b) If f € LP(wy), 1 < p < o0, then (5.29) — (5.30) hold in LP(w,). Moreover,
if 1 < p < oo, then the convergence in (5.29) — (5.30) is unconditional.

Proof. (a) Note that ¥; x ®,(z,y) is well defined since ¥;(z,y) and ®;(z,y) are
symmetric functions (e.g. ¥;(y,z) = ¥;(z,y)). By (5.22)-(5.23) it follows that
Ty % Py = F§ and

Y —
— 7 m N~/ m o )
(5.31) U, % ®j(z,y) = m§_2a<4j_1)b(4j_1)fm(x7y), j>1.

Hence, (5.21) and Lemma 4.4 imply (5.29). Evidently, ¥,(z,-) and ®;(y,-) belong
to V4 and using the cubature formula from Corollary 5.2, we infer

U, Qi(z,y) = /d Ui(z,u)®;(y, u) du
R

+

=) ceUi(2,)0;(y, &) = > ve(@)pe(y).
§ed; E€X;
Therefore, U;+®; f = dexj (f, @e)be and combining this with (5.29) gives (5.30).
(b) In LP identity (5.29) follows easily by the rapid decay of the kernels of the nth
partial sums. We skip the details. In L?, identity (5.30) follows as above. The un-

conditional convergence in LP(w,), 1 < p < 00, is a consequence of Proposition 6.3
and Theorem 6.7 below. O

Remark 5.4. Suppose that in the needlet construction’b = @ and @ > 0. Then p¢ =
e and (5.30) becomes f = dex<f7 Ye)e. It is easily seen that this representation

1/2
holds in L? and ||f||r: = (25€X|<f,¢5>|2)  f € L% e {teleex is a tight
frame for L*(R%, wy,).
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6. LAGUERRE-TRIEBEL-LIZORKIN SPACES

We follow the general idea of using spectral decompositions (see e.g. [13], [18])
to introduce Triebel-Lizorkin spaces on Ri in the context of Laruerre expansions.
Our main goal is to show that these spaces can be characterized via needlet repre-
sentations.

6.1. Definition of Laguerre-Triebel-Lizorkin spaces. Let a sequence of ker-
nels {®;} be defined by

(6.1) Qo(x,y) == F'(z,y) and D,(x,y) = Z A(

m=0

o) Falay) i 1,

where {F2 (z,y)} are from (3.7) and @ obeys the conditions

(6.2) a € C*[0,00), suppa C [1/4,4],

(6.3) [a(t)| >c>0, iftell/3,3].

Definition 6.1. Let s,p € R, 0 < p < o0, and 0 < q < co. Then the Laguerre-

Triebel-Lizorkin space F,P = Fjf(F®) is defined as the set of all distributions
f €S8 such that

< o0
p

(6.4) /]

Fig = H(% S [29wWa@: ) ey« £))]")

with the usual modification when ¢ = 0o

As is shown in Theorem 6.7 below the above definition is independent of the
choice of @ as long as a satisfies (6.2)-(6.3).

Proposition 6.2. For all s,p € R, 0 < p < 00, and 0 < q < oo, F;l is a
(quasi-) Banach space which is continuously embedded in S .

Proof. The completeness of the space Fj¥ follows easily (see e.g. [18], p. 49) by
the continuous embedding of F# in S, which we establish next.

Let {®;} be the kernels from the definition of Fj¥ with @ obeying (6.2)-(6.3)
that are the same as (5.18)-(5.19). As already indicated there exists a function b
satisfying (5.18)-(5.20). We use this function to define {¥;} as in (5.23). Assume
[ € F;P. Then by Proposition 5.3 f = Z(;io U, + ®;+ fin S\ and hence

Mg

(f,0) =) (V;x®;xf,¢), ¢€S;.
7=0
We now employ (5.31) and the Cauchy-Schwarz inequality to obtain, for j > 2,
49 -
_ T~ . )
\(‘I’j*q’j*f7¢>|2=‘ > a<4j—_1)b(4j 1)(]—‘ * f,FS *¢>‘
m=4i-241
47 49 R
< Y ) iEesz Y ‘b(4j 17 < 13
m=43-241 m=47—
4]
< (1B flI5 Y I1Fm x4l

m=47i-241
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Using inequality (4.3) we get
|®; * fll2 < QI (M+]s |)H2S7W ( )~ P/dq) x fO)p < QI (M+]s l)HfH a0,

where M depends on p, «, d, and p. From the above estimates we infer
(U5 ;% £, 80 < 277 fllpee2® > NFG  fll2 < 27| fll gz P (9)
4i=2 <m<4i

for k > M +|s| + 1. A similar estimate trivially holds for j = 0,1. Summing up we
get

[(f, d)] < cllf]
which completes the proof. [J

FPS(fP/:: (¢)7

Proposition 6.3. The following identification holds:
(6.5) F% ~ LP(wa), 1<p < oo,
with equivalent norms.

The proof of this proposition is the same as the proof of Proposition 4.3 in [12]
in the case of spherical harmonics. We omit it. Almost arbitrary LP multipliers
for Laguerre expansions can be used for the proof. However, since we cannot find
in the literature any multipliers for the Laguerre expansions we use in the present
paper, we next give easy to prove but non-optimal multipliers.

Proposition 6.4. Let k be sufficiently large integer (k > (5/2)|ca| + (7/4)d + 3 will
do) and suppose m € C*(R) obeys
(6.6) sup [#mI ()| <c¢ for j=0,1,... k.

t

€Ry
Then the operator TS (f) := Z?io m(j)F5 * f is bounded on LP(w,), 1 < p < oo.
The proof is given in §9.

6.2. Needlet Decomposition of Laguerre-Triebel-Lizorkin Spaces. As a
companion to Fj? we now introduce the sequence spaces fyf. Here {X;}32, is
the sequence of points from (5.9) with associated tiles { R¢ }ecx;, defined in (5 11).

Just as in the definition of needlets in §5, we set X' := U;j>o&;.
Definition 6.5. Suppose s,p € R, 0 < p < o0, and 0 < g < oco. Then [y is
defined as the space of all complex-valued sequences h := {he}ecx such that

< o0
P

©.7) Al

= | (ZQSM S 1helWa (47361 ()7)
j=0

£eX;
with the usual modification for ¢ = co. Recall that ]~lRg = ,u(Rg)fl/Q]lR&.

In analogy to the classical case on R? we introduce “analysis” and “synthesis”
operators by

(6.8) Sp i f = {{fee)}eexr and Ty :{he}eexr — Y hetde.
fex

We next show that the operator Ty is well defined on f;7.
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Lemma 6.6. Let s,p € R, 0 <p < 00, and 0 < ¢ < oo. Then for any h € fJF,

Tyh = 3 ¢cx hetbe converges in S.. Moreover, the operator Ty : fof — S is
continuous, i.e. there exist constants k > 0 and ¢ > 0 such that

(6.9) (Tyh, @) < cPL(O) |l gz for h € [ and ¢ € S
Proof. Let h € f;P. Using the definition of fJ7 we obtain
29° | he| W (473 €)= Ar, ()llp < |IBll gy for € € &y, j > 0.

But (5.16) gives ||1g, ||, = p(Re)/P~1/2 > c[2799W, (47, €)]1/P=1/2 for £ € X; and
since 279Clol+d) < W, (49, ¢) < ¢29Clel+4d) it follows that for £ € X

(6.10)  |he| < c2M||hl|yz with M = |s| + 2(|a| + d)(|p|/d+ [1/p — 1/2]).
By Lemma 4.4 ¢ = > ° ( F2 % ¢ in S; for ¢ € Sy and hence for { € X;

ve(o) = "0, = it Y B ) Fa@), o~ [RelWal#,€).

47-1
4i—2<m<4d
Therefore,
_ 1/2 (. m oy
Wed)=c® Y b(gr)Fad
4i—2<m<49
and hence

(e, 9)] < 27 9UFD N FS gl

47-2<m<49
Since F2 x ¢ € V,,, by Proposition 4.1 || F2 % ¢lee < em(@F1eD/2||Fe & ¢||5 and
hence

(e, @) < c/Clelt2d N e gy,

4i-2<m<4I
This along with (6.10) and the fact that #X; < c4/? yields, for ¢ € S,

7 hell(we, o) <D Ihell (e, )]

Lex J=0£€X;
(6.11) < cllhll g SO (A2 FRHZD Nz g
=0 4I-2<m<4d
< cllllgze S (m+ DR FG x gllp S 2/ H2lald+1—k)
< cllhll s P (),

where k := |M + 2|a| +4d + 2] > M + 2|a| + 4d + 1. Therefore, the series
> cex hetbe converges in S'. We define Tyh by (Tyh, @) 1= > ¢c  he(ve, ¢) for all
¢ € S. Estimate (6.9) follows by (6.11). O

We now present our main result on Laguerre-Triebel-Lizorkin spaces.

Theorem 6.7. Let s,p € R, 0 < p < o0 and 0 < q < oco. Then the operators
S o Fof — [fpf and Ty « fob — FJP are bounded and Ty o S, = Id on F,l.
Consequently, f € Fyf if and only if {(f, ¢¢)}eex € fpf and

(6.12) [ fllese ~ (S 0e)}

sp.
Pq
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In addition, the definition of F,l is independent of the particular selection of a
satisfying (6.2)—(6.3).

To prove this theorem we need several lemmas with proofs given in Section 9.
Assume that {®;} are the kernels from the definition of Laguerre-Triebel-Lizorkin
spaces and {¢¢}ecx and {1)¢}ecx are needlet systems defined as in (5.24) with no
connection between the functions a’s from (6.1) and (5.22). We also assume that
p, ¢ from the hypothesis of Theorem 6.7 are fixed and we choose 0 < t < min{p, ¢}.

Lemma 6.8. For any o > d there exists a constant c, > 0 such that

Co
(6:13) 1 % ve(@)l < 7 Tm T o fm — ey

and ®; x e =0 for § € Xy, if Im — j| > 2, were Xy, := 0 if m < 0.

Definition 6.9. For any collection of complex numbers {he }ecx, (j > 0), we define

* ‘hﬂ|
6.14 B (z) = ,
(614 0= 2 Gl
and
(6.15) he :=hj(§), &€,

where X := 2d + 2(|a| 4 3d) /t + 2(|a| 4 d)|p|/d.
Lemma 6.10. For any set {hy}nex; (j > 0) of compler numbers
(6.16) W) < th( 3 |hn|]an)(x), z€RY.
neEX;
Moreover, for £ € X
(6.17) Wa(49;6)™/*hi1 g, (x) < th( 3 |hn\Wa(4j;n)_”/d]an)(x), v €RY.
neEX;

Here the constants depend only on d, o, p, §, and t.
Lemma 6.11. Suppose g € V,; and denote

M¢ == sup |g(z)], £€X;, and m,:= inf |g(z)], 1€ Xji0.
TERe z€Ry,
Then there exists £ > 1, depending only d, o, ¢, and A, such that for any § € X;

(6.18) Mg < cmy  forall n€ Xjy, RyNRe # 0,

and, therefore,
(6.19) Mi1g (z) <c Z mylg,(z), =€ RY,
NEXjte,RyNReH#D

where ¢ > 0 depends only on d, o, §, and t.

Proof of Theorem 6.7. Choose o so that ¢ > A+ 2(|a| + d)|p|/d and recall that
t has already been selected so that 0 < ¢t < min{p, ¢}.

Suppose {®;} are from the definition of Laguerre-Triebel-Lizorkin spaces (see
(6.1)-(6.3)). As already mentioned in §5.2, there exists a function b satisfying
(5.18)-(5.19) such that (5.20) holds as well. Using this function we define {¥;}
just as in (5.23). Then we use {®;} and {V¥;} to define as in (5.24) a pair of dual
needlet systems {¢,} and {1, }.
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Suppose {¢oy}, {{/;,7} is a second pair of needlet systems, defined as in (5.22)-

(5.24) using another pair of kernels {(i) i+ {{Iv/ .
We first show the boundedness of the operator Te: Iph — Fpf. Let h € fiF and

set fi=Tgh =3 ccx hgwg. Evidently ®; wg =0if £ € X, and |j — m| > 2, and
hence
1 N
Cixf= ) Y he®jxde  (A1:=0)

m=j—1£€Xm

Denote He := heW, (4™;&)~?/4u(Re)~1/2. Using Lemma 6.8 and (5.17) we get

Jj+1
Wo@s2) 70/ x fl@)| < D0 D [helWalds2) 77/ @; % e (2)]
m=j—1£€X,,
J+1 m d —1/2
|| Wa (475 €) P/ u(Re)
(6.20) Sc Z Z (14+2m|& — Il|)a‘—2(|a\+d)|p|/d
m=j—1£€X,,
Jj+1
<e Y Hy@)  (H,=0)
m=j—1
where H; () is defined as in (6.14). We use this in the definition of || f||psy and
apply Lemma 6.10 and the maximal inequality (4.6) to obtain
> js * q l/q
Il < || (Do @ 1 0n7)
i=0 ?
< (2 M (2 3 heWatws o urg1z,)])
— ) £ »

=0 €EX;
< c|l{hy}Hlpse-

Hence the operator T$ : o — Fpf is bounded.

Let the space F3f be defined using {®;} instead of {®;}. We now prove the
boundedness of the operator S, : F;? — fpf. Let f € F;f and denote

Mg = sup |®; * f(z)|, £€X;, and m,:= inf [D;* f(z)], nE Xjis,
TER, TER,

where £ is the constant from Lemma 6.11. We have
(6.21) I(fspe)] < Céﬂ\@j s f(€)] < eu(Re)* Mg < ep(Re)' /M.

Evidently, ®; = f € V,;, and applying Lemma 6.11 (see (6.19)), we get

(6.22) M1g (z) <c > m;lg, (z), = €R™
NEXj+¢,RyNRe#0
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It is easy to see that W, (477 y) ~ W, (47;€) for y € Re. We use this, (6.21)-(6.22),
Lemma 6.10, and the maximal inequality (4.6) to obtain

I{(f, we) } w0 < C (ZQSJ‘I( Z W (49 ¢ p/dMg]lR£>q)1/q

7=0 £EX;

P

o0

1/
<ec ( 257q< Z W ]-‘re p/dm;]lRT,)q) 1

j=0 NEXjte

<c (th(Qsj Z Wa(4j+l;n)fp/dmn]an)Q)l/q
=0

nEXjte

<c (i(ZSj Z Wa(4j+€;n)—p/dmn]lR")q)l/q

NEX;j1e

<e (szw )o@ 5O1) | = el e

p

P

p

<.
Il
o

Here for the second inequahty we used that each tile R,, n € X1, intersects
no more that finitely many (depending only on d) tiles R,, n € X;. The above
estimates prove the boundedness of the operator S, : Fj# — fjf. The identity
Ty o S, = Id follows by Theorem 5.3.

It remains to show the independence of the definition of Triebel-Lizorkin spaces
from the specific selection of @ satisfying (6.2)-(6.3). Suppose {®,}, {®;} are two
sequences of kernels as in the definition of Triebel-Lizorkin spaces defined by two
different functions @ satisfying (6.2)-(6.3). As above there exist two associated

needlet systems {®;}, {¥;}, {pe}, {te} and {®;}, {¥;}, {Fe}, {c}. Denote by
<p (@) and ||fHFsp (@) the F-norms defined via {®,} and {<I> }. Then from above

117 @) < cl{{f> @Iz < cllf

The independence of the definition of F;? of the specific choice of @ in the definition

of the functions {®;} follows by interchanging the roles of {®;} and {&)]} and their
complex conjugates. [

Fph( )

To us the spaces F),; are more natural than the spaces F,,! with p # s since they
embed correctly with respect to the smoothness index s.

Proposition 6.12. Let 0 <p <p; <00, 0< q,q1 <00, and —00 < 51 < s < 00.
Then we have the continuous embedding

(6.23) Fyi CFlit if s/d—1/p=s1/d—1/p:.

p1g1

The proof of this embedding result can be carried out similarly as the proof of
Proposition 4.11 in [10], using the idea of the proof in the classical case on R™ (see
e.g. [18], page 129). We omit it.

7. LAGUERRE-BESOV SPACES

We introduce weighted Besov spaces on ]Ri in the context of Laguerre expansions
using the kernels {®,} from (6.1) with @ satisfying (6.2)-(6.3) (see [13], [18] for
the general idea of using orthogonal or spectral decompositions in defining Besov
spaces).
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7.1. Definition of Laguerre-Besov Spaces.

Definition 7.1. Let s,p € R and 0 < p,q < oco. The Laguerre-Besov space By :=
Bpo(F<) is defined as the set of all f € S such that

g = (3 (29 IWalwis 11, 01,) ) < oo,

=0

(7.1) /]

where the £y-norm is replaced by the sup-norm if ¢ = oo

Observe that as in the case of Laguerre-Triebel-Lizorkin spaces the above def-
inition is independent of the particular choice of @ obeying (6.2)-(6.3) (see Theo-
rem 7.4). Also, as for Ff the Besov space B;! is a quasi-Banach space which is
continuously embedded in S’,. We skip the details.

7.2. Needlet Decomposition of Laguerre-Besov Spaces. We next define the
sequence spaces byf associated to the Laguerre-Besov spaces Bpf. As in §6 we
assume that {X;}32, are from (5.9) with associated tiles {R¢}eex, from (5.11). As
before we set X' := U;j>o&;.

Definition 7.2. Let s,p € R and 0 < p,q < oco. Then by} is defined to be the space
of all complez-valued sequences h := {h¢}ecx such that

pie 1= (Z 235‘1[2 ( (47 é‘)*ﬁ/d‘u(RE)l/pfl/Z|hf|)1’}Q/P)l/q

£eX;

(7.2) A

is finite, with the usual modification whenever p = oo or ¢ = o0.

We shall utilize again the analysis and synthesis operators S, and 7', defined in
(6.8). The next lemma guarantees that the operator T, is well defined on byf.

Lemma 7.3. Let s,p € R and 0 < p,q < oo. Then for any h € by, Tyh =
> cex hetbe converges in S'.. Moreover, the operator Ty : by — S' is continuous.

The proof of this lemma is quite similar to the proof of Lemma 6.6 and will be
omitted.

Our main result in this section is the following characterization of Laguerre-Besov
spaces.

Theorem 7.4. Let s,p € R and 0 < p,q < oco. Then the operators Sy, : Byl — byh
and Ty : byfy — Byl are bounded and Ty o S, = Id on Byl. Consequently, for
[ €8y we have that f € By if and only if {{f, pe)}eex € byl and

(7.3) 1Bz ~ (S5 ) Hlvgs -

In addition, the definition of Bl is independent of the particular selection of @
satisfying (6.2)—(6.3).

The proof of this theorem relies on some lemmas from the proof of Theorem 6.7
as well as the next lemma with proof given in Section 9.

Lemma 7.5. Let 0 < p < oo and p € R. Then for any g € V45,5 > 0,

@) (X Wal o max go)ur)) " < W) )
£eX;
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Proof of Theorem 7.4. We will use some basic assumptions and notation from
the proof of Theorem 6.7. Let 0 < ¢ < p and 0 > A + 2(|a| + d)|p|/d. Assume
that {®,}, {¥;}, {¥n}, {¢n} and {®,}, {9}, {&n}, {wn} are two needlet systems,
defined as in (5.22)-(5.24), that originate from two completely different functions a
satisfying (6.2)-(6.3).

Let us first prove the boundedness of the operator T$ byh — Bpl, assuming

that Bpf is defined by {®;}. Suppose h € by and set f := Tgh = dcex hg{/}vg.
Denote He := heW, (4™;€)7P/4u(Re) =42, € € X,,. Then by (6.20) and Lemma 6.10

Jj+1
[Wa (457219, fC)lp < ¢ Y I1H
m=j—1
j+1
<c 3 [M(DD IheWaam ) (R 2 1R, )|
m=j—1 cex,, P
g+l p\ 1/p
<c 3 (X (Inewatam; ) u(re)7=2) )
m=j—1 £€X,,

which yields [|f|[gzz < ¢[[{hy}[pz; and hence the claimed boundedness of Tg.
We now prove the boundedness of the operator S, : B, — byl where we assume
that the space B3f is defined in terms of {®;} in place of {®,}. Just as in (6.21)

we have |(f, p¢)| < cp(Re)V/2|®; + f(€)], € € &;. Since ®; * f € V};, Lemma 7.5

implies

S (Wald5) 7 (R P21, 06 )
teX;
< Y0 Wal56) P, 5 F(€)Pu(Re) < el Wa(495) /9, x £,
£eX;

which leads immediately to [[{(f, ) }|s

The identity Ty o S, = Id follows by Proposition 5.3. The independence of B/
of the specific selection of @ in the definition of {®;} follows from above exactly as
in the Triebel-Lizorkin case (see the proof of Theorem 6.7). O

The parameter p in the definition of the Besov spaces B,/ allows one to consider
various scales of spaces. A “classical” choice of p would be p = 0. However, to us
most natural are the spaces By: (p = s) for they embed “correctly” with respect to
the smoothness index s:

Proposition 7.6. Let 0 <p<p; <00, 0<qg<q1 <00, and —o0 < 51 < 8§ < 00.
Then we have the continuous embedding

(7.5) Bpo C Bpiov i s/d—1/p=s1/d—1/p:.

Piq1

Proof. Assuming that ®; is from Definition 7.1 we have ®;* f € Vj;+1 and applying
estimate (4.2) from Proposition 4.1 we obtain

IWa(475) 754/ 90; % f()py, < 22 MPHPO|Wo (475) 7905 5 £ (),
where we used that s/d — 1/p = s1/d — 1/p;. This implies (7.5) at once. O
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8. PROOFS FOR SECTIONS 3-4

8.1. Proof of estimates (3.10) and (3.12) in Theorem 3.2. We may assume
that n > ng, where ng is a sufficiently large constant. Estimate (3.10) will be
established by applying repeatedly summation by parts to the sum in the definition
(3.7) of A,(x,y). For a sequence of numbers {a,,} we denote by A¥a,, the kth
forward differences, defined by Aa,, := @, — @my1 and inductively A**lq,, =
A(AFa,,). Choose k > o + 2|al + d/2 and denote

(8.1) ZA CFo(z,y), AR = (mzk)

Using summation by parts k£ times, we obtain

(8.2) Ay (z,y) = i ( ).7-'0“ z,y) Z AkHA( ) QF (z,y),

3=0
where AF*1 is applied with respect to m. By (2.1) and (8.1), it easily follows that
QF (z,y) = ce~(lelaHlvIE)/2 pack (12 42} and combining this with (2.4) we get

d
QF (z,y) = c/ ) L\Tglﬂwd(”x”g + [lyl3 + QZ%’% cos@i)
i i=1

d
P
2 2 d
- 20 L wiyicos;)/2 ; - 20
e l+ll3+2 "ty i 0s00/2 T i, o o (wigs cos 67) sin® ; db.
i=1

Using this in (8.2) we arrive at the identity

d
(8.3) An(z, 1) zc/[ ]d/cg(||x||2+ Il +2 3 iy cose,
0,7 i=1
d
X Hjai,l/g(xiyi cos 6;) sin®* 6; df,
1=1

where \ := |a| + k + d and the kernel K} is defined by

(8.4) KA(t) = i Mﬂa(%)mn(t)e*t/?.

m=0

By a well known property of finite differences we have
59 N e R GIE R s 1
n

Further, it is known that [1, p. 204]
g—atsz 1
(8.6)  Ja_p(z) = amONY2 ] e(w) = 7)/ 1 — )27 dt, a >0,

and J-i (x) = \/%cos x. Therefore,

(8.7) a1 (@) S ca <00, zER4, a20.
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By (8.5) and (2.11) (with « replaced by |a| 4+ k + 1) we obtain for ¢ > 0
(8.8)

(~k+lal+d)/2p—(al+hk+d)/2.

LAto)n] 1 smy Uel+k+d)/2
(3)" " <

A
Kapl<e oyl

m=max{[un]—k,1}

Using this in (8.3) we get

d : 2ai .
Ay < entFsteleorz [ [y sin™ 00
O (o3 + I3 + 2 iy iy cos 0:)

Set 7 := (k + |a| + d)/2. Substituting 6; = m — t; in the above integral and using
1 — cost = 2sin? L ~t? we infer

(k+|a|+d)/2°

d 205 4
(89) |An(1'7y)‘ < Cn7k+7/ Hi:l buzl tZdt 5 T
o1 (|l — gl + 450 wayisin &)

d 20
Lty
< cn—k—‘m'/ Hz:l zd — = cM,’f’a(x,y).
[0,7]7 (||x —yl2+ > xiyitf)
We estimate the integral above in two ways. First, we trivially have
cn7k+7' Cn|a\+d
< .
[z —yllPm = (n!/2||lz — yl|)FHlel+d

The second estimate is really many estimates rolled into one. For a fixed 1 </ < d

(8.10) [An(z,y)] < My (a,y) <

we partition « into a = (o/, ) with o' = (a1,...,a¢) and " = (a1, ..., Qq).
Since 7 > |a| + d/2 and z;y; > 0 we have
H’f:l t?aldt

My (z,y) < cn_’““/ 7
o1 (Jla = ylI2 + S0, wivit?)

L /2

en~kt+T

< W(ﬂﬁiyi)l du
= T (w72 (e =yl + iy )
i=1\TiYi i=170 z—yl*+ >0 )

where we applied the substitutions u; = t;(z;¥;)*/? and used |o/| power of the main

term in the denominator to cancel the numerator. Enlarging the integral domain
to R® and using polar coordinates, the above product of integrals is bounded by

du & r=1dr c
2 Dr—|a’| 3 e = 2(r—la')—L"
re (lz = yll? + [lull3) o (lz—yl*+r?) |z =yl
From above and a little algebra we obtain for 1 < ¢ < d

(8.11)  [An(w,y)| < eMy(2,y)

cnd/2

<
= 7 T 17d oL ol a7
[Ty (ways)it2 Hi:£+1(n Dyt (n1/2]|z — y||)ktlal=2la’[+d=¢

A third bound on |A,(z,y)| will be obtained by estimating all terms in (3.7).
By (2.10) and (3.6) it follows that

(8.12) [ Foilloe < cuf”/2, 1<i<d, and [|FYo < cv®/?,
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and hence

d—1

| Fr(z,y)| <c Z v = c(er )mal < em!¥F4=l 0 yielding
m
[v|=m
L(1+v)n]
(8.13) [An(z,y)] <c Z mleltd=1 < eplal+d,
m=0
We also need the estimate:
cnd/2

8.14 Ay (z,y)] < ,
( ) |An( ) Hle(%yi)a"HmH?:z+1(n_1)m+1/2

By (2.8) it follows that

(8.15)  |F(x)| < ©

S oz if 22 €eRy\ (2n+2a+2,6n+ 3a+ 3),

and if 22 € [2n + 2a + 2,6n + 3a + 3) by (2.9)
C

8.16 Fo < .
( ) | 7L(-T)|— wan1/4(n1/3+|4n+2a+2—x2|)1/4
From these two estimates one easily concludes that for z > 0
o’ c .
and
(8.18) Fo ()| < ¢ if n e [22/5,22/3].

> xa+1/2(1 + |4n _ x2|)1/47
Hence, |F2(z)| can be bounded by the sum of the right-hand-side quantities in

(8.17)-(8.18). Also, from (8.12) [|F[|oc < cuf”/z. From these along with (3.3)-
(3.4) we obtain

d [(1+v)n] c d [(1+v)n]
VRS | @O ILAEARE IS e
vi= H (1y> ‘ i=f+1  1v;=0

¢ L( 1+v)nJ

1 1 1
XH Z T+ 1/4+(1+|l/i—ui|)1/4)((1+ui)1/4+(1+|1/i—vi\)1/4>’

where u;,v; > 0 are some numbers. Clearly, each of the last sums can be bounded
by four sums of the form

L(+v)n]

1 < C’I’Ll/Q
= Uy —wi)VA L = )T '

This last estimate apparently holds independently of w; and z;. Estimate (8.14)
follows from above.
We are now in a position to complete the proof of (3.10). Estimates (8.10) and
(8.13) readily imply
enloltd

]. An 9 S ’
(8.19) [An (2, y)] (1 + n'2[z — y|)*tlal+d
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while by (8.11) and (8.14) we have for 1 <¢ </¢

end/?
|An(z,y)| < 7 ) d T ol
[Tz (iya) 2 T gy (1) P2 (1 4 2] — ||l
Clearly, this estimate holds for an arbitrary permutation i1, 9, ..., %4 of the indices
1,2,...,d. These estimates and (8.19) yield
end/?

(8.20) [An(z,9)] < .
T, (@ags + =) 121+ nd/2 ]z — ] Fle]

To complete the proof we need the following simple inequality: For z,y € Ri
(821) (i +n ) (yi +n7V?) < 3wy +n A+ 0z —yl), 1<i<d
Combining these with (8.20) we get
end/?
T (0 + )2y, /2y 1721 /2 — gl
which implies (3.10) since k was select so that k > o + 2|a| + d/2.

The proof of (3.12) is trivial. Indeed, by Lemma 2.1 it follows that

|An(z,y)| <

(8.22) |Fo(x)] < cx %" for x> (6(1 +v)n + 3+ 3)1/2.
From this it easily follows that if max{||z||?, |y[>} > (6(1 4 v)n 4+ 3« + 3)'/2, then
|An(z,y)| < endemymaxtlizl®Iul®} o 5 o,

which readily implies (3.12). O
8.2. Proof of estimates (3.11) and (3.13) in Theorem 3.2. Clearly, (3.13)
implies (3.11) if max{||z||, ||y||} > (6(1 + v)n + 3a + 3)1/2.

Assume max{||z||, |y||} < (6(1+v)n+3a+3)'/2 < en'/2. We will prove (3.11) in
this case by using the scheme of the proof of (3.10) with appropriate modifications.

First, we need information about the derivative of . The Laguerre polynomials
satisfy the relation [16, (5.1.14)]
d

(828) L) = —L3tH(@) =27 [nL3(@) - (n+ )15, (2]

After taking the derivative of F (see (3.1)), the first identity in (8.23) yields
d
(824) L F) =~ [Fo@) + 2vnF @),

and from the second identity we similarly get

(8.25) x%fﬁ‘(m) = 22 Fo(x) + 2nF2(x) — 2b,FF 1, bp = v/n(n+a).

Here and in what follows we assume F(z) = 0 for k < 0. Also, from the recurrence
relation for Laguerre polynomials [16, (5.1.10)] one readily derives the identity
zLy(z) = 2n+a+1)Ly(x) —(n+ 1)Ly, — (n4+a)lp_ (), n>1,

with L§(z) = 1 and L§{(x) = —z + a+ 1. From this with the definition of F2 in
(3.1), we get

(8.26) foﬁ‘(ac) = by Fi(@)+Cn+a+ 1)F(x) — by Fr_ (o),
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where by, is as above. Combining this with (8.25) gives

(21 L) = o [0+ DEH@) + b P () ~ b Fiy (2)]

We also need the relation [16, (5.1.13)]

(8.28) Lo(x) = Lyt (x) — Lot (2).

From this and (3.1) we deduce

(8.29) Fo(x) = Vn+a+1Fy () — VaFot] (2).

Using this identity with « replaced by o — 1, (8.27), and the obvious fact that
b, = n+ O(1), we arrive at

(8.30) ’;;}",?(a:)

<ecr ! [ max | FS(x)|+nt?  max |.7:,°,‘l_1(ac)|] .

n—1<m<n+1 n<m<n+1

By (8.24) and (8.12) we readily get the estimate ‘%fﬁ‘(m)‘ < cxn®/?*1 and by
(8.30) and (8.12) ‘%]—'ﬁ(x)‘ < cx~'n®/2. Therefore,

d
(8.31) ‘%]—' (x)‘ < en®?min{z! nz} < en@tV2 e R,
We use this estimate to obtain
o L(1+v)n]
(8.32) ‘87 ‘ 3 Z |F(y ‘ O‘(x)‘
" m=0 |v|=
L(1+v n|
<ent Z Z v < eploltdtl/2,
m=0  |v|=

We next prove an analogue of (8.14). Let 0 < z < en'/?. Assuming that
m € R\ (22/5,22%/3) we derive as before from (8.15) and (8.24)

(8.33) )‘ < z(|Fp ()] + 2m! 2| F5 T ()

&

1/2 1/2

1 m cn
patl/2,1/4 + xa+3/2m1/4) = patl/2 171"
From (8.16) and (8.24) we similarly obtain

1/2

gcx(

cn
4 o )| <
‘dm m(@)| < 2oH1/2(1 + [4m — 22[)1/4

(8.34) for m € (22 /5,2%/3).

We further proceed exactly as in the proof of (8.14), with FJ(x,) replaced by
9_For(x,) and for this term estimates (8.17)-(8.18) are replaced by (8.33)-(8.34),

oz,
and we also use (8.31). As a result, we get

B enld+1)/2
P (@ 9)| < = y , 1<r<d
Tr I_Iizl(331':‘}1‘)0“—’_1/2 Hi:z+1(n_1)ai+1/2

We now derive our main bound on [(9/0z,)A,(x,y)|. It will be convenient to
use the notation Of(t) := f’(t). After differentiating the expression of A, (z,y) in

(8.35)
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(8.3) we obtain for 1 <r <d,

iAn(:r,y) = Qi(z,y) + Qa(z,y),

(8.36) o

where

d
(8.37) Qi(z,y) := / 8/Cﬁ+\a|+d<||xH§ +|lyll3 + 2inyi cos (91-)
[0,7]¢ i=1
d
X (2x, — 2y, cos6,.) Hjaf% (z5y; cos 0;) (sin 0;)2“ d6),
i=1
d
(8.38) Qa(z,y) := / Kﬁ+\a|+d(||x||g + [lyll3 + 2 szyl cos 9i>
[0,m] i=1
d
X H jaﬁ% (z;y; cos 91-)8]’%7% (Y, cos b,y cos 0,.(sin 9i)2°‘id9.
i=1, i%r
We first estimate Q;(z,y). By the left-hand-side identity in (8.23) and (8.28)

%[Li(t)e’t/z] = —(1/2)(Ly(0)+2Le 1 (0)e ™% = —(1/2) (L (O+ Lyt (8)e /2.

Hence, by the definition of &) in (8.4),
8/Cfl+‘“|+d(t) _ 7[,Cfl+\oc|+d+1(t) + szlHaHdJrl(t)]/Q,

where K)(t) is define as K} (£) but with L), in the sum in (8.4) replaced by L, .
Evidently, K} () has the same properties as K\ (¢). Substituting the above in (8.37)
and taking into account (8.7)-(8.8) we get

|2y — yr costy| [T, 2% dt

Qi(x,y) < cn(—k+|a\+d+l)/2/ i=1Y% .
o (o — yll3 + S5, ziy;t?) ktlaltdt1)/2

Now, using the fact that
|xr — Yr COStr| < |xr - yr| + 2xyy Sin2(tr/2) < |xr - yr| + z;l(xryrt?ﬂ)

and noticing that |z, — y,| can be cancelled by an 1/2 power of the main term in
the denominator, whereas x,y,t? needs a square of that much, we conclude that

d 2(1,'
01(,y) < entHrierienrz [ L, fidt
e (2 — yll3 + S wayst?) (ktlal+d)/2

d 20

+ cx’ln(*k+|a\+d+1)/2/ [[i, £ dt
r d .
o7 (|2 —ylI3 + Do, wiyst]) Frleltd=1/2

Both of the above integrals are of the form of M defined in (8.9). In fact, we
have

1/2 3 1k, —1ask—1,a
. 1 ) = ) ) .
(8.39) Q1(x,y) < cen*M)%(x,y) + cx, M, (z,y)

Furthermore, evidently |z, — y, cost,| < |z, — y,| + x,t2 and inserting ¢2 into the
weight function of the integral, we obtain as above

(8.40) Qi (z,y) < en2MP(z,y) + cx, MEFer (2, y).
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We next estimate Q. Using the integral representation (8.6) for j,_1 () we get
1 .
o1 (x) = c/ e (1 — 3 ldt, a >0,
-1
while 0j_1 () = csinz. Therefore, [0j,_1(z)| < ¢ for a > 0. Consequently, using
also that 1, < en'/2, we obtain as in (8.9)

(8.41) |Qa(,y)| < en'/2ME (2, y).
Combining (8.39) and (8.41) gives

ox,
whereas combining (8.40) and (8.41) gives

0
(8.42) ‘ An(myy)‘ < e My () + en' P Mye (),

(8.43)

aa An(w,y)’ < en'PME (2, y) + co, MEOT (2, y).
.

We are now in a position to establish estimate (3.11). Using (8.10) in (8.42) and

combining the result with (8.32), we conclude that for z, > n=1/2
P eplaltd+i/2

8.44 L Az y)| < .

S e < (e

On the other hand, using (8.10) in (8.43) and combining the result with (8.32)
shows that estimate (8.44) holds for x, < n~'/? as well. Therefore, (8.44) holds for
all z,y € R,

In going further, using (8.11) in (8.42) and combining the result with (8.35), we
obtain for x, > n/2and1<i</¢

(8.45)
9 en(d+1)/2
’89: An(;v,y)’ S it 174 —1)ai+1 1/2 k—|al—1"
r [[imi (iys) @itz H¢=z+1(n )42 (1 +nt/ 2z —yl|)

On the other hand, using (8.11) in (8.43) and combining the result with (8.35), we
see that the same bound (8.45) holds for x, < n~'/? as well. Therefore, (8.45)
holds in general. Moreover, (8.45) holds for all possible permutations of the indices
and combining it with (8.44) leads to

en(d+1)/2
[Tz (s + 0713 (L1 2 — gl
Now, estimate (3.11) follows using (8.21) as before.

The proof of (3.13) is simple. By (8.22) and (8.24) it follows that

0
- <

d ’
’Ifg(z)‘ Sco M <ee ™ for @2 (6(1+v)n+3a+3)1/2
X

This and (8.22) imply that if max{||z||2, |y||*} > (6(1 + v)n + 3a + 3)'/2, then

9
ox,

which yields (3.13). O

An(x,y)' < ente™"” max{l\le,l\yIIQ}’ V>0,
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8.3. Proof of other localization estimates.

Proof of Lemma 3.4. We will derive estimate (3.15) from the following estimate:
IfseR,v>0,0>(2y+1)(|s|+1)+1, and z > 0, then

(8.46) I:= /OO 7 du < ¢
: T 0 (1 + u)(27+1)3(1 + |u — Z|)U - (1 + z)(2’Y+1)(5_1) ’

z/2

Consider first the case when s > 1. Then I = + fz Vo =S+ o Evidently,

J <1+ z)_"/ ldu < (14 2)77*t
0

and
7 < c /°° du < c (0> 1)
FT U )@IEN [y (T =yl T (14 ) |
Since o > (27 + 1)(s — 1) + 1 the above estimates for J; and Jo yield (8.46).
Let s < 1. Then we have

< /oc (1 +u)(27+1)(1—5) du /oo (1+v _’_Z)(27+1)(1_5) du
0 —Zz

(14 [u—z[)7 (1+[v[)?
- C/OO (1+ \v|)(27+1)(1_8) + 22D (1-s) i
[ (1+[v[)?

e du e du
<e n CZ(zm)(l—s)/ _du
- [oo (L + [o])ot@rD(s=1) —oo (L [0])7

c

S Tsaema s
Here we used that o > (2 + 1)(1 — s) + 1. Therefore, (8.46) holds when s < 1 as
well.

We now proceed with the proof of (3.15). Denote by J the integral in (3.15).
Using that |z; — y;| < |lz — y||, we get

oo 2(Xl+1d .
J< H/ yz Yi

S G PR Pl — )

— pClal+d)s H/ yzai+1dyl
+ n1/2y) @it D)s (1 + [nl/2z; — nl/2y;|)o/d
Clal+d)(s—1) d/2H/ w?* it du
(14 w)ReitDs(1 + [u — nl/2z;[)/d
1 en~ /2

< o 2lal+d)(s—1)—d/2 _
scn 21;[ (1 ¥ n1/2xi)(2ai+l)(s—l) Wa(n; x)s—l'
Here for the last inequality we used (8.46). O

Proof of Theorems 3.7 and 3.8. By (3.6) we have £ (z) = 27 1/2F% (21/2)z*/?
and by and (3.2) M2 (x) = 2°TY/2F%(x) and hence

Ap(z,y) = 27 A, (a2, g1 2)20 Y2 and AL (x,y) = A (x, y)ao 1/ 2yot1/2

Now, it is easy to see that these relations and estimates (3.10) and (3.11) yeild
(3.18) and (3.19) as well as (3.20) and (3.21). O
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8.4. Proof of Lemma 3.6. The main step is to prove Lemma 3.6 for dimension
d = 1. To this end we will need a lemma which goes back to van der Corput (see
e.g. [20, Vol. I, p. 197-198]).

Lemma 8.1. If f"(u) > p >0 or f"(u) < —p <0 on [a,b], then
| S0 O <(1£/0) - ()] +2) (472 4 0).

a<n<b

Evidently, when d = 1 Lemma 3.6 is immediate from the following lemma.

Lemma 8.2. For any e > 0 and § > 0 there exists a constant ¢ > 0 such that for
n>1/e

n+len|

(847) An(z)=e"" >

m=n

L5 ()]

Lo (0) >en!P(e+ 1)y 2 0 0 <a < (4 0)n.

Proof. We may assume that € <1 and n > ng, where ng is sufficiently large. The
proof uses the asymptotic of L% (z) and is divided into several cases.

Case 1: 0 <z < c®n~ ! with ¢® := (a+1)(a+3) (¢°n~" is larger than the smallest
zero of L% [16, (6.31.12)]). We need the asymptotic formula [16, (8.22.4)-(8.22.5)]
I'n+a+1)

n!
where N =n+ (a+1)/2. Using also that J,(z) = 2arz(z+1) + O(2272), we obtain

e~/ 202 [0 () = N~ Jo(2(Nz)/2) 4 22/220(n), 0 <z <¢/n,

e 2L () ~ n® + 220(n%) > en®, 0<x < c¢/n.

Combining this with L&(0) = ("F) ~ n® we arrive at
An(z) > ¢ Z me ~ntl 0<z<cnt

which proves (8.47) in this case.

Case 2: ¢*n~ ' <z < c*n’l, where the constant ¢, > 1 will be selected later on.
In this case we use relation (2.16) and (2.19) to conclude that

eI Ly (@) ~ P2 (@ — iy, 0)*.
Furthermore, by a theorem of Tricomi (see [8] for the references), we know that for

)
all the zeros of Ly, in the interval 0 < 2 < ¢/n we have ty, = ==£(1 + O(n=2)) as
n — 0o, where jo 5, K = 1,2,..., are the positive zeros, in increasing order, of the
Bessel function J,(z). Consequently,

n+len|

An(z) = en® Y ((mx =2 y,)? = em ™ ma — jar,|)

m=n

n+|en|
> cno‘< Z (max —jikm)Q — c) > cen®tt,
m=n
Here for the last estimate we used that j,r — oo as k — oo and hence there
are only finitely many zeros of J,(z) such that ji’k < cn~H(n+ [en]) < ¢ the
argument is the same as in the analogous situation for Jacobi polynomials in [9)].
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Case 3: c,n~! < z < c*, where c, is sufficiently large and its value is to be
determined. In this case we use the asymptotic formula for L (z) [16, (8.22.6)]:

€_m/2Lg(JJ) :7_‘_—1/233—04/2—1/4”0(/2—1/4
X [cos (Z(nx)l/Q —an/2— 7r/4) +O(1)(nz)"1?|,

which holds for ¢n~! < z < ¢’ and O(1) depends only on ¢/,c”. We denote
v :=an/2+ m/4 and deduce from above

n+|en]
2TY2 A, () > en~ e T2 T/2 Z (L2 ()]
m=n
n+|en]
> Z —1/2 ( 1/2 —1/2\?
>c m cos[2(mzx) ~] + O(1)(nz)
n+len]|

> en /2 Z cos?[2(mx)Y? — 4] + O(l)c{l/znl/z.

Using the fact that 2cos?t = 1 + cos 2t and then write 2cos2t = €2 + 72, we
see that

n+|en| n+len]
Yi=4 Z COSQ[Q(mx)l/2 -] > 2len| + Z [62”(?’\/%_7,) + e~ 2milyvm=7") ,

where y := (2/7)y/x and ' := 2y/7. The last sum can be estimated by making
use of Lemma 8.1 with f(u) = yy/u, a =n and b =n + |en]|. We get

Y > 2|en| — 224 220 7V2) (¢ 4 2407/ 4n3/*)
> 2|en) — 2(2+ (¢*)Y2n 2 (¢ + 245 n).
Putting the above estimates together, we arrive at
2OTYV2 A, () > en™1/? (2 len] — 2(2 4 ()20~ Y2 (c + 240,:1/471)) —|—(9(1)c;1/2n1/2.

Choosing c, sufficiently large shows that the right-hand side of the above inequality
is bounded below by cn'/? for sufficiently large n. Thus (8.47) is proved in this
case.

Case 4: ¢* < x < (4—0)n. Here we apply another asymptotic formula of Laguerre
polynomial [16, (8.22.9)]: For x = (4m +2a+2) cos? ¢ with e < ¢ < 7/2—em™1/2,

xa/2+1/4€7m/2L$;L(x) = (=1)™(7sin ¢)71/2ma/2,1/4
X {Sin [(m +244)(sin 2 — 2¢) + 37r/4] + 0(1)(mx)71/2} :
Note that the range of = above covers the range of this case. From above, as in

Case 3, we obtain
n+|en]
224 (2) 2 en e T2 N (L (2))
n+|en|
> en~Y? Z sin®[(m + 2FL)(sin 2¢ — 2¢) + 37 /4] + O(1)(c*) /2,

m=n
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The last sum is again bounded below by c¢n, which can be proved either by using
Lemma 8.1 or by summing up using simple trigonometric identities. This shows
again that (8.47) holds. O

Proof of (3.16) in the case d > 2. We may again assume ¢ < 1. We will use
induction on d. To indicate the dependence of 7 on d we write 7 , 1= F.
Assume that (3.17) has been established for dimensions up to d — 1. By definition

S g 2 ' oo ’ /
Foalwa) =Y |F@a)| Falpaa@a), o=@ 20, a=(asaa),

k=0
and hence
n+|den] n+[denj len]
Z m,d(T: ) Z Z[}—adxd} mkd1(9€x/)

len] n+|_denj

(8.48) -y [fgd(xd } Z g (@)
k=0
len] n+|_(d 1)en|

>3 A L Huaha),
k=0

It follows by (3.1) and (2.12)-(2.14) that for 0 <z < /(4 —0)n

5" [0 - - Rp(at %) > e (4 1)

k=0

—a=1/2 > en'/2 (g4 1/2) 201,

Combining this estimate with (8.48) and the inductive assumption shows that (3.17)
holds in dimension d. O

Proof of Proposition 4.1. We first prove (4.2). Let g € V,,. Assume 1 < ¢ < o0
and let A, be the kernel from (3.7), with @ admissible of type (a). Evidently
g = A, * g and using Hélder’s inequality and Proposition 3.3 we obtain for x € R‘i

11 s l41 q 7
lg(x)] < [[Waln;-)* 7 5 g()l (/Rd ‘An(a:,y)Wa(n;y) A wa(y)dy>
+

nd/? wa (y)dy " spio1
<eqrra | | F [Wa(n: )55l
o(n; ) R Wo(n;y) 2P (1 + nt/2z —y|))7

where 3 := ¢'(s+ % — %) To estimate the last integral we use estimate (3.15) from
Lemma 3.4 to obtain

d/2q
LSt E-t
(3.9) 9()] < e W 75ROl
and hence
(8.50) [Wan: ) 7 g()lloo < en®2a[|Wa(n; )5 ag()lg, 1<q< o0

If 0 < ¢ <1, then the above estimate with ¢ = 2 gives
1 stl_1

Wa (5 )2 g( Moo < en™ [ Wa(n;)* 5~ 2g()]l2
(-

) s+ L 1
< e[ Wans ) g (1502 W (ns )5~ 3 g() 13/,
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Consequently, (8.50) holds for 0 < ¢ <1 as well.
Let 0 < g < p < co. Using (8.50), we have

Wa(n;-)*g()llp

(41

s+ s+1-1
< W (n; )57 g ()| 9P| W (n; )+ 5 7 g()|2/7
= en(WDA/=10) W, (ns)* 5 a g ()l

Hence (4.2) holds when p < co. In the case p = 0o (4.2) follows from (8.50).

To prove (4.1) we first assume that 1 < ¢ < co. We use again that g = A, * g,
Holder’s inequality, Proposition 3.3, and that W, (n;z) > n~141=4/2 to obtain

pP—q

Waln;a) o g(z)|  |Waln;z)* 575 g(x)

. 1/p
wa(:c)dm>

1/q
9(@)| < ellglly (n*Wa(mia)™*) " < en@leD/ag,, 2 e RY,

and hence ||g|o < cnl@tleD/4| g||,. For the rest of the proof of (4.1) one proceeds
similarly as in the proof of (4.2). We skip the details.
To prove estimate (4.3) we first observe that (8.49) with s = v+1/p—1/q yields
nd/2q .
|g(£L’)‘ S cWa(TL;SC)SJrl/q ||Wa(n, ) g()”qv 1< q < 00,
and, since W, (n; ) > n= 1912 we get [|g]|oo < enllotDstlaltd/a|| W, (n; )5 g()|,.
The remaining part of the proof is similar to the proof of (4.2). We omit it. [

Proof of Lemma 4.4. (a) By (2.10) and the definition of F¢, it follows that

7Yoo < en®/2. Hence, using (8.27) if || < 1 and (8.30) if |z| > 1, we obtain

dx]:a( z)| <enltV/2 pe R,
Furthermore, taking one more derivative of (8.24) and using (8.27) shows that
d? d
T« — 2 Ol"rl T« 2 o+l
& Fa @) = 1P ) 2 E @] 4 e F )+ 2 @)

—[F () + 2vnFt ()]
— (@ + DF(2) + b1 Frp (2) = bn Ty (2)
+2v/n [~(a+ DF2H (@) + by Fot (@) — b 1}'0““( )],

which allows us to iterate and express %?g(x) in terms of d — 1}"”‘( ) and

dfk L F o +1(z). The recurrence relation (8.29) allows us to use induction to conclude

that

dk

W}'ﬁ‘(w) <cen@tRZ e R,
x

Therefore, for the product Laguerre functions, we have
|0°F2(2)| < e(jv| + D)UAFIEN2 0y =n, BeNd, zeR%.

Furthermore, together with the three term relation (8.26), the above inequality also
shows that

|x2735;:3(x)’ < ey + D)leHBIF2D2 0y =) By eNE, e R,
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Hence, if [(¢, F&)| < c(Jv| +1)7F for all k, then
210%¢(x) = Y (6, F)a 00 F (x),
veNg
where the series converges uniformly and hence
(8.51) 27076 (x)| < ¢ Y 1o, F)| (Jv] + DI < ¢ P (9)
vENE

if k > d+ |a| + |8| + 2]v])/2, which shows that ¢ € S;.

(b) Assuming that ¢ € S; we next show that (¢, )| has the claimed decay.
From the well known second order differential equation satisfied by LY, a straight-
forward computation shows that F%(z) satisfies the equation

20 + 1
y"+70‘; Y — 2%y +22n+a+ 1)y =0.

In particular, it follow that F&(x) satisfies, for each ¢ = 1,2,...,d, the equation
(8.52) Dyu+x?u=22v; + ;i +1)u, where D, =07 — (20; + 1)z;'0;

and 0; = 6%1_.

Let k£ > 1 and assume that the multi-index v is fixed and ||| = max;<;j<qv; > k.
Choose i so that v; = ||v|| and denote Z; = (21,...,2i—1,0,241,...,24). Denote
briefly U,.(z) := O ((b(x)e“?ﬂ). Then by Taylor’s identity

. 2k—1 L2k 1
P(x)e”i/? — Z iU (Z)/r! = M/o (1 — )2 Wop (T + tase;)dt,
r=0 ’

which easily leads to

2k—1

(853)  ¢i(w) = o(a) — e /2N wllh, (@) /1]

r=0
1 2k ] ) R
= m?k / (1 — t)Zk_l Z bor—; (tl‘l)ai(b(:/f +txie;)e i (-t )dt,
O .
=0

where b;(-) (0 < j < 2k) is a polynomial of degree < j and e; is the ith coordinate
vector in R?. Then by the orthogonality of F¢ (recall that v; > 2k) and (8.52) it
follows that

Q\ . a\ 1 . 2 feY
<¢7‘7:1/>*<¢17‘7:1/>7 2(2yl+al+1)<¢’n(DI1+xl)f1/>

The operator D, can be written in a self-adjoint form x?aiHDwi = 0; (x?aiﬂ&-) .
We use this and integration by parts to obtain

(¢i, Do, Fy') = / ¢i(2)0; (220, F (2)) dw;dz
RE IR,

:/ /&-(x?o‘iJrlf)iq&i(x))]-"f‘(x)dxidfz<Dmi¢i,fﬁ‘>.
R IR,
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Consequently,

1
(8.54) (9, 7)) = m«pzi +23) i, Fy)
1 (6%
= S o F (Do T ) 00 FD),

where we iterated k times. It is easy to see that there is a representation of the
form

2k 2k—
(D, + 21)F = (=02 — (20 + V)] *0; + a7 Z Z ajer; ‘0]

7j=0+¢=—2k
for some constants aj,. On the other hand, by (8.53) it follows that if j 4+ ¢ < 2k

—£g7 v 5B _

sup |z; "0/ ¢;(x)| < ¢ max sup |27 =c max P, .

gcp‘ i o)l < Iy <4k,|B|<2k+j $p| o(@)| ly|<4k,|B|<2k+j 5:2(?)
We use the above in (8.54) to obtain

1
8.55 FN < P, F&
B5) 0TI g S P
Sy TFHED max Py (g),  |lv]| > k.

|v|<4k,|B|<4k

Here we also used that ||F|; < c|v|U21+9)/2 which follows from Lemma 2.1. Es-
timate (8.55) shows that (¢, F2)| < ¢ (|v| + 1) FFUel+d/2 for any k > 1. Thus
[{(¢, F2)| has the claimed decay.

The equivalence of the topologies on S, induced by the semi-norms P, g from
(4.7) and the norms P} from (4.11) follows readily by (8.51) and (8.55). O

9. PROOFS FOR SECTIONS 6-7

Proof of Proposﬂzlon 6.4. We shall use a standard decomposition of unity ar-
gument. Suppose b € C(R) satisfies the conditions: suppb C [1/4,4], b > 0, and
b( )+ b(4t) =1on [1/4,1]; hence > .2, ( ~t) =1, t € [1,00). Now, define

Do(w,y) = m(0)Fg (2,y) and  @y(z,y) Zm Vo4 FY (), £ 1.

Then for the kernel K (z,y) of the operator T2 we have K (z,y) = Y2 ®e(z, y).
By (6.6) it readily follows that ||(d/dt)*[m(t)b(t/4°71)]||ec < c47% and just as in
the proof of Theorem 3.2 (using also (5.17)) we get for z,y € RL

czﬁd ‘ C2€(d+1)
W45 y) (1 + 2z —yl))7" 10y, W (45 y) (1 + 2|l -yl
for 1 <r < d, where 0 = k— (5/2)|a| — (3/4)d — 2. By a simple standard argument
these two estimates (o > d + 1) lead to

‘(I)g(fE,yN <

w,y)‘ <

c 0 c
———  and ‘—Kx,y‘g , 1 <r<d.
e~y gy, | S e g

As in the weighted case on R? (see [15]), these estimates show that T is a Calderén-
Zygmund type operator and hence T2 is bounded on LP(w,), 1 <p <oo. O

K (2, y)| <
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Proof of Lemma 6.8. Using the orthogonality of Laguerre functions, we have
O, xYe(x) =0 for & € Ay, if jm — j| > 2.

Let £ € Xy j—1 <m < j+ 1. Assume first that [|£]| < (14 6)\/6 2™ . From
(5.26)-(5.27) it follows that

B, e ()] < c gm3d/2 wa(y) dy
P = W@ ) Jea Wa(amy) (1 + 27w = yl)7 (1 + 27y — €])7
2m3d/2
<— dy (o> d)
VWa@z) Jra (142" |z —yl)7 (1 + 27y = £)7
c2md/2 - c2md/2
Waldm o)1+ 27— €7 = /Wal@m )1+ 27 — gl 2el-24

C
<
= M(R€)1/2(1 + Qme —_ €||)0—2|(x\—2d7

where for the last two inequalities we used (5.14)-(5.17). Since o can be arbitrarily
large the claimed estimate (6.13) follows.
Let [|€] > (14 6)v/6-2™. Just as above we use (5.26) and (5.28) to obtain

P = WA a) Jae Wa(@msg)(1+ 27l — ) (1 + 27y — €])°

C2m(d—L)
Wa (4 €)(1+2m o — g]f)7 2l =24

Since, in general, u(Re) < 2743 W, (4™; €) and L can be arbitrarily large the
above again leads to (6.13). O

Proof of Lemma 6.10. Denote

01 K@= (1+2J‘|<;(7;c| T A= Clal+ )l
neEX; T

where d(z, E) := infyeg ||z — yl| is the £>° distance of z from E. We will show that

(9.2) WX (@) < th( 3 |hw|]lRw)(x), zeRL.

Evidently, hj(x) < h]*(:c)7 z € R, and hence (9.2) implies (6.16). On the other

hand, using (5.17) we have for £ € X

J.p)—p/d
Wa (475m) |7 < cHX(zx) forz e Re

J.ey—p/dp*

neX;

where H,, := W, (47;1)~*/?h,. Therefore, (9.2) yields (6.17) as well.
By the definition of @; in (5.12) it follows that there exists a constant ¢, > 0
depending only on d such that

Qj = UgerRg C [O,C*2j}d.

Let x € R%. To prove (9.2) we consider two cases for z.
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Case 1: ||z| > 2¢,27. Then d(x, R,) > ||z||/2 for n € X; and hence

. N :
hj (x) Z (1+2jd(m7Rn))K’ = (27| [[)" ,g;j o

neX;
c4ide 1/t
(9.3) < hlt) ",
e L 2 )
J

where g :=1—min{1,1/¢} < 1 and for the last estimate we use Holder’s inequality
if t > 1 and the t-triangle inequality if ¢ < 1.

Denote Q, := [0, ||z]|]¢. Evidently, u(Q.) ~ ||z||2(*!*% and combining this with
(9.3) we arrive at

c4dd|| | |2Ual+d)/t t t
0 < e G fy, (X it ) wetran)”

nei;
< @4 20 p, (7 (g1, ) @) < eMe (S Ihglin, ) (@)
neX; neX;

as claimed. Here we used the fact that x > max{2d,2(|a| + d)/t}.

Case 2: ||z| < 2¢,27. We first subdivide the tiles { R, },cx, into boxes of almost
equal sides of length ~ 277. By the construction of the tiles (see (5.11)) there
exists a constant ¢ > 0 such that the minimum side of each tile R, is > 277, Now,
evidently each tile R, can be subdivided into a disjoint union of boxes Ry with
centers 6 such that

O+ [—c2797 1 @297 C Ry C O+ [—c277, 6279

Denote by /'?j the set of centers of all boxes obtained by subdividing the tiles from
&X;. Also, set hg := h,, if Ry C R,,. Evidently,

|7y |hal
(9.4) h¥(z) =Y : -< ) : -
S, (U Pdle, By~ o (U Y, Fo))
and
(9'5) Z |h77|]]'R77 = Z |h9|]]'R9'
nex; 7]6./%-

Denote Yy := {0 € X; : 270 — z|| < &},
Vi i={0eX;: 2™ ' <20 —z|| <&2™}, and
Qm ={yeR%: |ly—z| <é2™+1)277}, m>1.
Clearly, #Y,, < 2™¢, Ugey, Ry C Q,n, and X = Um>0Ym. Similarly as in (9.3)

m

h
> (HQM(Z' 7)) = <27 3" |hy| < 27 m“2md@( > |h9|)

0€Yy, 0cY,, 0cY,,

<m0 ([ S ) ol L () dy)

oevm Ro gcy,,

e (T (L) o)
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Using (4.5) and that Upey,, Ro C Qm we get

Q) <C2(m7j)dﬁ 2+ 2mi 2a;+1
w(Rg) — 2774 O +2-7

=

d m— 20 +1
<¢ dH <01 +2.2 J) < com(2lal+3d),

Py 0,4+ 27
Therefore,
|hel —m(r—d—(2|a|+3d) /1)
, < g~ mlk—d=(2la Mt< Iyl Lr )(x)
g;m (1+2id(z, Ry))" Z; e

Summing up over m > 0, taking into account that x > d + (2|a| + 3d)/t, and also
using (9.4) we arrive at (9.2). O

Proof of Lemma 6.11. For this proof we will need an additional lemma.

Lemma 9.1. Let g € Vy;. For any o > 0 and L > 0 we have for ', 2" € 2R,
where £ € X, 7 >0,

(96) o(e') = 9(a") € Pl =" D 7 T
and
(9.7)

lg(z') — g(z")| < " 27912’ — 2" Z a +2]||§ e’ if €1l > (1+26)v6-27.

Here ¢ and c* depend on o, d, 6, and o and c* depends on L as well; 2R¢ C RY is
the set obtained by dilating R¢ by a factor of 2 and with the same center.

Proof. Let Ay be the kernel from (3.7) with n = 47, where @ is admissible of
type (a) with v := 0. Then Ay x g = g and Ayi(z,-) € Vj14s)4)- Note that
[(1+0)47] + 47 < 2n; — 1. Therefore, by Corollary 5.2

o@) = [ Auop)aluwat)dy = 3 e (gl
R nex;
where ¢, ~ |R,;|W,(47;n) . From this, we have for 2/,z" € 2R¢, £ € X},
l9(2') — g(a")| < D eylAas(@’,m) = As (2", )9 ()]

nex;

(9-8) <cla’ ="l Y ey sup IV A4 (2, m)lllg(n)].

neX; TE2R
Note that (6(1+46)47 +3a+3)Y/2 < (146)v/6-27 for sufficiently large j (depending
on o and 6). Therefore, using Theorem 3.2 we have for n € X
c27(d+1)
z,m|l <
VWald72)/Wa (@50) (1 + 27|l — )7
and for any L > 0

(99)  [[VA(

xERi,

c2—iL

9.10 VAu(z,n)| < - )
( ) H 4 ( )H (1+2‘7||1’777||)0‘

if min{|l[, [ln]]} > (1+6)V6- 2.
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Suppose [|€]| < (14 28)v/6-27 and denote X ={nex;:n< +6)v6-27}
and X" := &; \ X]. We split the sum in (9.8) over X’ and X" to obtain

l9(z') — g(z")| < clla’ — a:”||( DY ) = |2’ — 2”[|(S1 + Sa).

neX! nexy

Using (9.9), (5.17), and that ¢, ~ 2774W,(47; ) for n € X}, we get

; Wa(47;n)\1/2 lg(n)]
9.1 %, < 2 su ( ; ) _
- 2 ) s (W) G- ale

J
lg(n)]
J
S 2 (1 + 27]|€ — n|)o—2edtd)

EX’
To estimate Yy we use (9.10) and the rough estimate ¢, < c27¢. We get
n
(L lg(n)!
(9.12) ¥y < 27 Emd=20/3) o
2 TEvle—lr
Here we also used that
L4+ 27)€ =l < 1+29(2777 4 o —nll) < 22/3(1 + 2 |lu — ) for @ € 2.

Estimates (9.11) (with sufficiently large o) and (9.12) (with L > d + 20/3) imply
(9.6).

In the case [|¢]| > (1+26)v/6-27, we have 2R C {z € RL : ||z|| > (1+6)v6-27}
for sufficiently large j and one proceeds just as above but uses only (9.10) as in the
estimation of ¥5. We skip the details. O

We now proceed with the prove Lemma 6.11. Let g € V. Let £ > 1 be
sufficiently large (to be determined later on) and denote for { € X

(9.13) Xj+e(§) == {n € Xj1e: RyNRe # 0} and

(9.14) de :=sup{|g(z’) — g(z")] : ', 2" € R, for some n € X;14(E)}.
Our first step is to estimate d¢, £ € ;. Two cases are to be considered here.
Case I: ||€]| < (1 +36)v6-27. By (5.14)

(9.15)  Re~&+[-279,2791% and R, ~n+ 27774279749 n e X;,0().
Hence, for sufficiently large ¢ (¢ = £(d, 6)) we have Uycx,, ()t C 2R¢. Now, using
estimate (9.6) of Lemma 9.1 with o > X and the fact that diam (R,) ~ 277~* for
n € Xj1e(§), we get

(9.16) de < 27" Z 1+2J||£ 77||)

where ¢ > 0 is a constant mdependent of L.

Case IL: ||€|| > (1+30)v/6-27. By (5.14) it follows that ||z > (1+28)v/6-27 for
T € Upex,,,(e)ty if j is sufficiently large. We apply estimate (9.7) of Lemma 9.1
with o > A and L = 1 to obtain

©.17) de<er 3 m

We next estimate M, § € X (see (6.14)). Two cases for £ occur here.
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Case 1: ||€]| < (14 48)v/6-27. Note that (9.15) is again valid. By the definition
of de¢ )in (9.14) it follows that Me < my,, + d¢ for some w € X;j44(§) and hence, using
(9.15),

M, < +de =:m d =c(d,d, N\, 0).
c<e X rmremapy TS M e o=l

Consequently,
(9.18) Mg <mg +dg.

Denote &} := {n € &; : [In]| < (1 + 30)v/6 - 27} and X[ = X\ X]. Now, we use
(9.16)-(9.17) to obtain

£ ._ dy ¢ lg(w)]
%= 2 (1 +23\|§— AP IPY (14 27]1€ = DM + 277 — w[)

nex; nex; weX’

J l9(w)]
NP DID D 7 o Y e e 3

neX; EX”
Replacing X} and &' by X; above and shifting the order of summation we get
1

9.19) di<c(2'+277
019)  dg <@ +27) 3 W X TE e AT BT o
2 4+279) Y (1+2f||(g!w||)k <c(f+277)M;.

wEX);
Here the constant c is independent of £ and j, and we used that
> 1 < T
(1 +270E = nD*A+27|In —wlD* = 1+ 2[§ —w)*

neEX;

(9.20)

(A >d).

This estimate easily follows from the fact that ||’ — &"|| > 277 for all £/,¢" € X;.
To estimate m; we use again (5.14) and (9.20). We get

o My,
mf"zuwng S 2 T2 [E =)+ 2]y — )

nex; neEX; weX;
Y m Y |
J J _ A
& (e T TR wH)
<c < 20 = cm})
g{: 1+2JI€ wl)* w; 1+2J+f||9 w|)* 0

for each 6 € X;4,(£). Combining this with (9.18)-(9.19) we obtain
Mg < cemy+c(27 4+ 277 Mg for 0 € Xjp(€),

where ¢o > 0 is independent of ¢ and j. Choosing ¢ and j sufficiently large (de-
pending only on d, §, and \) this yields Mg < emy for all 0 € Xjye(€). For j <c
this relation follows as above but using only (9.6) and taking ¢ large enough. We
skip the details. Thus we have shown (6.18) in Case 1.
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Case 2: ||€]| > (14 46)v/6 - 27. Choose £ > 1 the same as in Case 1. Clearly,
for sufficiently large j (depending only on d and &) ||z|| > (1 + 36)v/6 - 27 for
T € Upex,,,(¢) . Hence, using (9.7) with L = 1, we have

M <my+e27 > lg(n)]

— L <y, + 277 M for all X; ,
2 Trafg—qpp = Mot M foralle e i)
J

where ¢ > 0 is independent of j. Fix 6 € X;1¢(§) and for each n € X}, n # &, choose
wy € Xj1e(n) so that [|0 — wy|| = mingex, ) |0 — w||. Then from above

*
m, . M "

921) My<S — 1 LN 1y,
) M= D e v 2 Trele -

From (2.19) it easily follows that w, from above satisfies |6 — wy|
hence

m“-’n DN *
(922) £y <c ), T8 o <2 Z 1+2J+f||9 ST < eymj.
neX; weX; 4

IN

cl€ — n| and

On the other hand, using Definition 6.9 and (9.20), we have

M,
Bl Y Y :
neX; weX; 1+2J”§ 77”) (14’2]”7]7(4)”)

<277 Y M, Z (1+ 27 —q|)> ( + 27[|n — w|)*

weX; neX;

. M .
< 277 —— =2 7 M*
<o 2 Ty mle - o2 M

with ¢y > 0 independent of j. Combining this with (9.21)-(9.22) we arrive at
M < cexmy + 2277 ME for 6 € Xjp(€).

Choosing j sufficiently large we get Mg < cymy for each 0 € Xjte(§). For j <c
this estimate follows as in Case 1 but using only (9.6). This completes the proof of
Lemma 6.11. O

Proof of Lemma 7.5. Let g € V; and 0 < p < co. We will utilize Definition 6.9
and Lemmas 6.10-6.11. To this end we select 0 < ¢ < p and A as in Definition 6.9.
Set Mg :=sup,ep, l9(2)], £ € &j, and my) = infoer, |9(2)], n € )¢, where £ > 1
is the constant from Lemma 6.11. By (1.2) and the properties of the tiles R from
(5.14)-(5.16) it readily follows that W, (4714 y) ~ W, (47,€) for y € Re. We now
use this, Lemmas 6.10-6.11 and the maximal inequality (4.6) to obtain

(Z W, (49;¢ pp/dmax lg()|P u( ) < H Z W, (49;¢ p/dMg]le )

EX; Eex;
5w san, <oal 3w o)
NEX;1e nEX;4 P

<o X W) imdn, | < el W@ ) 0], O

UGXJ+Z
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