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ABSTRACT. We study the Fibonacci sets from the point of view of their quality
for numerical integration and discrepancy. Let {b,}32, be the sequence of
Fibonacci numbers. The by-point Fibonacci set F,, C [0, l]2 is defined as
Frn = {(p/bn, {“bnfl/b“})}znzl’ where {z} is the fractional part of a number
z € R. It is known that cubature formulas based on Fibonacci sets Fy, give
optimal in the sense of order rate of error of numerical integration for classes
of functions with mixed smoothness.

We prove that the Fibonacci sets have optimal in the sense of order Lo
discrepancy. We establish that the symmetrized Fibonacci set F}, has mini-
mal in the sense of order Lo discrepancy and provide an exact formula for this
quantity. We also introduce centered L, discrepancy which is a modification
of the L, discrepancy to make it symmetric with respect to the center of the
unit square. We prove that the Fibonacci set F,, has minimal in the sense of
order centered L, discrepancy for all p € (1,00). We apply the Fourier method
to prove the results.

Keywords: Discrepancy, Fibonacci Numbers, Numerical Integration,
Fourier Coefficients.

AMS-classification numbers: 11K38, 11B39, 65D30, 42A16.

1. INTRODUCTION

Let Py be a set of N points in the unit cube [0,1]¢ in dimension d, then the
extent of uniform distribution of Py can be measured by the discrepancy function:

(1.1) D(Pn,x) := #{PxyN[0,x)} — N -[[0,x)|,
d

where x = (1,...,24),[0,%x) = H[O, x;), and | - | denotes the Lebesgue measure.
j=1

The L, norm of the above discrepancy function, usually called the L,, discrepancy,
is a benchmark that one uses to evaluate quality of a particular set of N points.
The fundamental problem of the discrepancy theory is to construct sets with small
L, discrepancy.

The main principle of discrepancy theory, or theory of irregularities of distribu-
tion, states that the quantity

D(N,d)p == inf [ D(Pn,x)|p
PN
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must necessarily increase with N in the case d > 2. We refer to Kuipers and
Niederreiter [12], Beck and Chen [2], Matousek [14], and Chazelle [4] for a detailed
survey. The principal results in estimating D(N, d),, from below are:
K. Roth’s Theorem. ([16], 1954) In all dimensions d > 2, we have

d—1
2
)

(1.2) D(N, d)s > C(d)(log N)

where C(d) is a positive constant that may depend on d.

W. Schmidt’s Theorem. ([19], 1972) In dimension d = 2,

(1.3) D(N,2)o > Clog N,

where C' is a positive absolute constant.

Both bounds (1.2) and (1.3) are known to be sharp in the sense of order, see
[7], [8], [17] and [9] for more detail. One of the most famous examples showing
sharpness of (1.3) is the van der Corput “digit-reversing” set, which has been well
studied in [7]. The reader is referred to [14] for a geometric proof of the fact that the
L discrepancy of the N-point van der Corput set is of order log N. Another im-
portant example, described in several books, e.g. [14], [11], is the irrational lattice.
Consider {(+,{ia})}Y,, where  is an irrational number and {z} is the fractional
part of the number z. If the partial quotients of the continued fraction of o are
bounded, then the L., discrepancy of this set is of the order of log N. The idea of
this example goes back to Lerch [13].

Unfortunately, the Lo discrepancy of these “classical” examples either fails to be
of optimal order (the Lo discrepancy of the N-point van der Corput set is of order
log N, [10]), or is unknown. However, there are standard ways to modify these sets
in order to achieve the smallest possible order of the Ly discrepancy:

1. Cyclic Shifts. The translation idea originated in K. Roth’s paper [17], who
later applied it to the van der Corput set probabilistically, [18]. A deterministic
example of such a shift was recently constructed by Bilyk [3].

2. Random Digital Scrambling. This approach is introduced in [5] and one may
refer to [14] for a comprehensive discussion and interesting constructive examples.

3. Davenport’s Reflection Principle. Roughly speaking, if a finite set Py has
low L., discrepancy, then symmetrizing this set produces a new set of low Lo
discrepancy. Davenport proved this in the case of irrational lattice, see [8]; Chen
and Skriganov [6] established this for the van der Corput set (also Proinov [15]
employed the symmetrization idea for the generalized van der Corput sequences).
In the present paper, we apply this principle to the Fibonacci set.

We study the Fibonacci sets from the point of view of their quality for numerical
integration and discrepancy. Let {b,}22, be the sequence of Fibonacci numbers
that is defined as follows

bp=0b1=1, by,=0by_1+by_o, for n>2
The b,,-point Fibonacci set F,, C [0,1]? is defined as

Fo = 1{(p/bn, {/‘bnfl/bn})}[:bn:lv
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where {z} is the fractional part of a number = € R.
In Section 2 we prove that

| D(Frn,%x)|loc < Clogby,.

This bound, combined with Schmidt’s lower bound (1.3), shows that the Fibonacci
sets have optimal in the sense of order L., discrepancy. We do not know if F,, has
minimal in the sense of order L, discrepancy for p < oo. However, in Sections 3
and 4 we give arguments that the Fibonacci set F,, is also good in the sense of L,
for p € (1,00). In Section 3 we prove that the symmetrized set F;, has minimal in
the sense of order Lo discrepancy. We also derive a formula, which allows one to
compute the exact value of this quantity. In Section 4 we introduce centered L,
discrepancy which is a modification of the L, discrepancy to make it symmetric
with respect to the center of the unit square. We prove that the Fibonacci set F,,
has minimal in the sense of order centered L, discrepancy for all p € (1,00). In
both Section 3 and Section 4 we apply the Fourier method to prove the results. On
the base of these results we make a conclusion that the Fibonacci set F,, is good
from the point of view of discrepancy. This set is related to another low discrepancy
sequence — the aforementioned irrational lattice. In particular, the set
bn

An(a) = {(%nv{ﬂ“})}uzl’

is the golden section, is close to the set F,, for large n.

where o =

It is well known (see, for instance, [21]) that the L., discrepancy of a finite set is
closely related to the error of numerical integration with knots at the given points.
We shall discuss this topic in more detail here. The quality of a set of N points
for numerical integration can be measured in the following standard way. For a
certain function class W compare the error of numerical integration with knots
from the given set with optimal error for cubature formulas with N knots. We give
a precise formulation of the problem. Numerical integration seeks good ways of

approximating an integral
IR
Q

by an expression of the form
N

(14) AN =Y NfE), ¢=(....¢Y), eq, j=1,.. N
j=1

It is clear that we must assume that f is integrable and defined at the points
€., &N, The expression (1.4) is called a cubature formula (A,&) (in our case
Q C R?) with knots £ = (¢1,...,&N) and weights A = (Aq,...,Ax). For a function
class W we introduce a concept of error of the cubature formula Ay (-,§) by

fdp—An(f,8)

Q

(1.5) An(W,€) := sup

few

In the case of equal weights A\; = 1/N we denote this error by A% (W,€). The

following errors are the best we can achieve with cubature formulas with N knots
INn(W) = \ 1nf}\N AN(W,€); 0% (W) = &171~I.1-,f§N AG (W, €).

Lyeees

gh..eN
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With these definitions at hand, the relation between the L., discrepancy of
a set Py C [0,1]2 and the error of numerical integration with knots at Py is
straightforward. Define the following class of functions

d
X=X (¥) == [ [ 0.0 (ws), 25 €[0,1], j=1,....d},
j=1

where X[o,,)(v) is a characteristic function of the interval [0, u]. Then it is clear that
(1.6) AN (X!, Pr) = N7HD(Pw, %) -

Thus, the results of the paper, discussed above, show that the Fibonacci sets F,
are good for numerical integration of functions in this class.

We now define classes of functions with bounded mixed derivative. These classes
are important in numerical integration of multivariate functions. Let for r > 0

(1.7) F.(t) =1 +22k"" cos(2mkt — rm/2).
k=1
For x = (x1,x2) denote
F.(x) := F.(z1)F,(z2)
and
MW;; :{ff:@*Fﬁ ‘|<pHp§1}a

where * means convolution and | - ||, is the standard L, norm.

It is known (see, for instance, survey [21]) that the Fibonacci sets F,, are also
good for numerical integration of functions from the classes MW,. The following
known result gives the order of Ay (MW}, F,) for all parameters 1 < p < oo,

r > 1/p. In our paper, “<” stands for “of the same order of magnitude as” and
“<” stands for “less than a constant multiple of”.

Theorem 1.1. We have

(1.8)
r 1 1).
b7 (log b, )'/2, 1 <p<oo,r>max (5,5),
AS (MW, F) = { bn"loghn, p=1r>1;
b prFn) b " (log b, )7, 2<p§oo,% <r <3

b7 ((logby,)(loglog by ) /2, 2 <p<oo,r=1/2.

The following theorem gives the lower bounds for optimal rates of numerical
integration (again, see survey [21]).

Theorem 1.2. The following lower bound is valid for any cubature formula (A, €)
with N knots (r > 1/p)

An(MW},€) > C(r,p)N"(logN),  1<p<oo.

The lower bounds provided by Theorem 1.2 and the upper bounds from Theorem
1.1 show that the Fibonacci cubature formulas Aj (-, F,) are optimal (in the sense
of order) among all cubature formulas in the case 1 < p < oo, r > max(1/p,1/2):

8o, (MW7) =< Af (MW, F,) < b, " (logb,)*/2.
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We shall also make a remark in Section 2 which shows that the sets JF,, are much
better than their siblings A,,(«) from the point of view of numerical integration of
smooth functions.

These results motivate us to conduct a thorough study of the Fibonacci sets.
It is well known (see, e.g., [21], Proposition 1.2) that the L., discrepancy governs
integration errors not only for characteristic functions, but also for the class MW:

(1.9) cr(d)Ay (X% €) < AJ (MW, ) < ea(d) AR (%, €).-
This allows us to prove the relation
(1.10) Ay (MWY, F,) < b, logby,

that is not covered by Theorem 1.1.

2. L., DISCREPANCY OF THE FIBONACCI SET

Discrepancy was introduced as a quantitative measure of non-uniformity of dis-
tribution for infinite sequences. The difference between the discrepancy of a finite
point set and discrepancy of an infinite sequence is not radical, but rather, it dis-
tinguishes a “static” and a “dynamic” setting, see [14] for more information. The
discrepancy of an infinite sequence u = {uy,us,...} in [0, 1] is defined as

(2.1) A(u,N) = sup1 |#{{u1,...,un}N[0,a)} — Nal,

0<a<

which can be viewed as a well-defined function of the natural number N.

In the definition of the discrepancy function for rectangles (1.1), one deals with
the behavior of the whole set, whereas in the definition of the discrepancy for infinite
sequence (2.1), one looks at all the initial j-segments with j < N simultaneously.
It has been shown by Roth [16] that the dynamic problem in dimension one is
equivalent to the static problem in dimension two, and similar reduction is possible
between dynamic settings in dimension d and static settings in dimension d + 1.
The following relationship is easily verified, see [14] for details,

(2.2) ID(Fr, %) oe < 2max{A(u, N): N € {1,2,...,ba}} +2,

by —
where in our case A(u, N) denotes the discrepancy for the sequence u = {{Mbnl }}
n n=1

up to the first N terms.

It is well-known that the sequence of Fibonacci numbers {b,}°2 , gives the de-

nominators of the partial quotients of the golden ratio Based on the

property of the Fibonacci numbers, we prove the following lemmas.

Lemma 2.1. For any Fibonacci numbers b; and b;, with i > j > 1, there exists an
gj € R with |gj| < 1, satisfying

bi—l _ bj_l Ej
b

72.
b b2
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Proof. The identity b, = b,—1 + b,—2 gives

bim1bj —bibj—1| = |bi—1bj — (bi—1 + bi—2)bj_1| = [bi—1(b; — bj—1) — bi—2b; 1]
= |bi—1bj—2 — bi—2bj_1| = |(bi—2 + bi—3)bj_2 — bi—a(bj—2 + bj_3)|
= | —bi—obj_3+bi_3bj_o| = ...

|bi—jy1bo — be—jb1| = bi—j_1

and
bi = bi—1+bi_o=">bi_2+bi_3+bi_3=2b_o+bi_3
o= bjbi,j + bjflbi,jfl.

Thus b; > bjbi,j > bjbi,jfl, which gives

biox bja| _ (bicabj —bibj 1| bij
b; b; bib; b;b;

bifjfl 1

< = =

bjbi_j_lbj b?
. . bi—1 bj—l &

Therefore there exists some €; with |e;| < 1 such that T O

i ' '

Now for any interval [0,a) C [0, 1], defining

I AN
(2.3) Z(nj,bj,[O,a))::#{{W} ﬂ[&a)}, j=0,1,...,

we prove that

Lemma 2.2. |Z(n;,b;,[0,a)) — bja| < 4.

Proof. When b; < 2, both Z(n,,b;,[0,a)) and bja are at most 2, and thus it is
obvious to see | Z(n;,b;,[0,a)) — bja| < 4.

When b; > 2, It follows from Lemma 2.1 that

R R W (T S
2.4 = vl =
(24) A bn

b,_ .
+rit 4 red
b

b2’

bn bn J

for some ¢; with |e;| < 1.
(TLJ + T)bnfl

5 modulo 1 lies in [0, a).

We want to investigate when
If nj =0and e; =01in (2.4),
(es2f () - )
b” r=1 b] r=1 bJ r=1 ,
since b; and b;_y are relatively prime. Thus it is easy to see that

2005 0.0) = | = || 75| = o

where [z] is the integer part of a real number x.

= bja - [bja] < 1,
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Ifn; #0and e; =0 in (2.4),

(nj —‘r?‘)bn,l - ﬂjbn,1
S S

W”’)nl}}’” b1

the sequence {{ 2 is merely shifted by the value of an, and
n r=1 n

the distance of every two elements is unchanged from the case when n; = 0 and
¢; = 0. Thus the change of Z(n;,b;,[0,a)) is at most 1, therefore we have

|Z(n;,b;,[0,0)) = bja| < 2.

bj,1

bi b .
If n; # 0 and €; # 0, the change from D251 g Dt + %
b; b; b3

terms of the sequence modulo 1 to deviate slightly from points in case when n; # 0

only causes the

and €; = 0. However the deviation can be at most b because of
J
TE; 1
lej] <1 and |2 —.
bj | b

In other words, there will be at most two elements of the sequence that will be
deviated outward or into the interval [0,a). Therefore

’Z(nj7bj7 [0,(1)) — bja| S 4

which proves the lemma.

O
Now we have the following theorem which is one of our main results.
Theorem 2.3. For F,, = {(1/bn, {ubn_l/bn})}fle, we have
(2.5) ID(Frn, X)||oo < logby,.
Proof. We reduce the problem to the study of the discrepancy A(u, N) defined in

/”'bn—l
bn
result. For each natural number 2 < N < b,, we divide it into ¢;_1 blocks of
bs_1, ci_o blocks of b;_5 consecutive numbers and so on. Then if by_1 < N < by,

1<t<n,let
N
Ci_1 =
t—1 btfl )

where [z] denotes the integer part of a positive real number z and [z] < z < [z]+1.
We write

(2.1) for the sequence u = {{ }}Zo:1 and use the relation (2.2) to deduce our

N=c¢ by 1+ N
with 0 < N < by_;.

’

N
Let ¢i_q := lb] , then
t—2

N =ci_1bi—1 +c—abi—o + N



8 DMITRIY BILYK, V.N. TEMLYAKOV, AND RUI YU*

with 0 < N < bs_o. This process gives

(26) N =ci_1bi_1 4+ ci—abi_o+ ... +c1b1 + ¢
with
N b;
(2.7) 1< 1< —<2, 0§6j71< J , i g=1,...,t—1.

bj_l

In fact, by the way they are defined, ¢;—; must be 1, and ¢y through ¢;_o could
be either 0 or 1.

,Uan—l
br,
¢;s are nonzero and one can easily see that general case will have the same result.
Its first N elements {uj,usg,...,un} can be divided into ¢ disjoint subesets Sy, Sq,
..., Si—1 of cardinaties bg, b1, ..., by respectively. We denote these sets by S; =

For the sequence u = {uy,ug,...} = {{ }}20:1’ consider the case that all

/.

(nj + T’)bn,1 b . . . .
. , where n; is some nonnegative integer, j = 0,1,...,t — 1.
n

Therefore

r=1

|#{{u1,...,un} N[0,a)} — Na| = #{O S;N[0,a)} — icjbja
7=0 7=0

t—1 t—1
= ch#{sj N[0,a)} — chbja
§=0 §=0
t—1
S ZC”Z(TL]',I)J',[O,(Z)—Z)]‘Q‘
j=0
<

t—1
43 ;< 4t
§=0

bs ¢
Note that bt—l > 2 which gives by_1 > 2b;_3 > .. > 2[5], we have t is of order log V

t—3
at most. This implies

|#{{u1,...,un}N[0,a)} — Na| < log N.

Thus by definition (2.1),

A(u,N) = sup |[#{{u1,...,un}N[0,a)} — Na| < log N.
0<a<1

and hence the relation (2.2) gives

ID(Fn,¥)lse < 2max{A(u,N): N €{1,2,...,bp}} +2
< loghb,.
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bn
As we stated in the introduction the irrational lattice {(I;u’ {,uoz})} has

n p=1
sharp L., norm if partial quotients of the continued fraction of o are bounded.

V5 —1
2

Now consider a = , then the set

o= {(frvm)]

is closely related to the set F,, and it is known that
(2.8) [D(An(a),x)llec < logbn,.

The sets F,, and A, («) are close to each other in the following sense. For u € [1,by,]
the z-coordinates of the uth points of F,, and A,,(«) are the same and the difference
between the y-coordinates of these points is small. This follows from the well-known
inequality

bnf 1
bn

1
=2

(2.9)

o —

For completeness we give a simple proof of the above inequality. Consider P(z) =
2?2 + 2 — 1. Then P(a) =0 and |P(b,_1/b,)| = b, ?. We have

|P(bn—1/bn) = P(@)] = P'(§)[bn-1/bn — o,

by — 1 by — 2 1 2
¢ e ( bnl,oa).ltiseasytoseethat 3 < bnl < 3 and 3 <a< 3
Therefore,
7
(2.10) 2< P9I < 3

This implies (2.9).
By (2.9) we obtain
b1 /bu} — 0} < b /b — ol < o < o
HOp—1/0n M > [MO0p—1/0n H = 2b% = an
This inequality and the following simple known lemma show that the bound
(2.11) ID(Fr, X)||oo < logbn, n>2
can also be derived as a perturbation of (2.8).

Lemma 2.4. Let Py = {p;}2_, C [0,1]¢ and Qn = {qx}2_, C [0,1]? be such that
lpe — Grlloo <6, k=1,...,N. Then

[ID(Px, %)l — [ D(Qn,x)||oo| < Ndd.

The bounds (2.8) and (2.11) show that the sets F,, and A, («) are equally good
from the point of view of the L., discrepancy. Theorem 1.1 from the introduction
shows that the sets JF,, are good for numerical integration. We now demonstrate by
a simple example that sets A, («) are not good for numerical integration. Indeed,
consider a function

f(x1,20) := 2™z,
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It is easy to check that f € MW for all r and 1 < p < oo. The error of numerical

1
integration of f using A, (a) with equal weights W is

b .
1 n ) 11— 27mib,
B IR ] I e
b, b, | 1— e2mia
pu=1
Using (2.10) we get
3 1 < bn_1 1
- = a— —_
(O b, | — 2b2
This implies for n > 3
. 2 3 1 12 1
1— 27rzbnoc> in?2 bn > _— .9 bn,7:77
[1—e | > |sin27{ a}\_ﬂ_ bn - = 27 b

Therefore, the error of numerical integration of f is bounded from below by cb; 2.
It means that the cubature formula

Quale) =3 > 9(a)

" qEA, (O‘)

has a saturation property for r > 2.

We now prove (1.10) which is the result of numerical integration by using the
results we got for discrepancy. Therorem 2.3 and Schmidt’s lower bound (1.3) imply

This and relation (1.6) give
(2.12) AS (2, F) = b log by,

The relation (1.10) now follows from (2.12) and the well-known inequalities (1.9).

3. Ly DISCREPANCY OF MODIFIED FIBONACCI SET

Inspired by the Davenport’s Reflection Principle, mentioned in the first section,
we now symmetrize F,, to a 2b,-point set

(3.1) Fri=A{(p1,p2) U (p1,1 = p2) : (p1,p2) € Fu}.

Its discrepancy function is

D(fv/ﬂx) = #{f;z N [07.’E1) X [07£C2)} - 2bn.’IJ1CE2,

where x = (21, z2) € (0, 1],
Rewriting it to

D(Fx) = > [Xp)xipe) (X Xpr1)x[1—pa.1) (X)] — 2bpz122,
p=(p1,p2)EFn
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and computing the Fourier coefficients of the D(F;,,x) give

D(F,. k) = Yo Rnxioe ) (®) + X< —ps1) ()] — 20,2172
p=(p1,p2)EFn

11
= Z [/ / X[p1,1)><[p2,1)(9€17$2)€72Mk'de1d$2
o Jo

pE]:n

1 1
+/ / X[p1,1)x[1=p3,1) (T1, $2)62”’k'xdx1dfﬂ2}
0 0

1,1

*an/ / r129e T KX dy
o Jo
1

1
_ E |:/ e—27r1k1z1dx1/ e—27r1k2$2dx2
p1 P2

PEFn
+/ e—27r2k1x1dx1/ e—2ﬂzk212dx2:|
P1 1—p2
(3.2) —2bn/ xle_zmkl‘"”ldxl/ Toe 2TR2T2 g
0 0

Note that

bn

—2milp /by bna =0 (mOd bn)a

(33) Zle = { 0, 1#0 (mod by).

=

Let L(n) = {k = (k‘l,k‘g) S Z2 : kil + bn_le =0 (mOd bn)}, then

b

N _omi by, (k1,k2) € L(n)
3.4 27i(k14+bn—1k2)p/bn — ) 1, R~h2 5
(34) Ele 0,  (ki,k2) &L(n).

Now let’s consider different cases:

Case 1. k1 =0, ky = 0. We have the following lemma:

~ 1
Lemma 3.1. D(F,,0) = —3

Proof. From (3.2) we get

~ by
D(F,,0) = > [(1=p1)(1—p2)+ (1 —pi)pa] — >
PEFn
bn
= Z (1—p1)— B
PEFn
b
n bn
= Z(l_:u/bn)_ ?
p=1
bn(bp, +1) by,
= b, - J_
2b,, 2

(3.5) - f%.

11
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Case 2. k1 #0, k2 # 0.
In this case
D(F' .k - - 1— —2mikip1 1— —2mikopo
(]:n? ) 471'2]{51:1{32 Z [( € )( e )
PEFn
b
27T2]€1]€2
= —1 Z [(1 _ 6—27"ik1p1)(1 _ e—27rik2p2)

471'2]{11](32 pEFn

+(1 _ e—2m’k1p1)(1 _ e—2m’k2(1—p2))} +

bn

3.6 1— —2mikip1Y (] _ g27ik2p2 .
(3:6) (1= eI k)] 4o

Then we have the following lemma:

Lemma 3.2. Ifky #0, ko # 0, then
bn,
27T2]€1]<12

provided that at least one of k1 and ko is 0 modulo b, .

(3.7) D(F!. k) =

Proof. Without loss of generality assume k; =0 (mod b,,), then

—2mikyp
=e bt =1.

6727r7ik1p1

So from (3.6) we get

bn

~ B
(3.8) D(F) k) = Tk

Lemma 3.3. Assume k1 # 0 (mod b,,) and ky # 0 (mod b,), then
(3.9)

—b,
271'2][{)71]{)2’

n kl + kgbn_l =0 (IIlOd bn ,kl - kgbn_l % 0

D(F,,k) =4 4n2kiks’

ki + kob,—1 =0 (mod bn), ki — kob,—1 =0
)
—b
)
)

— k1 + kobn—1 £ 0 dby), k1 — kabr—1 =0
12k 1+ kabp—1 #0 (mo 1= R2bp—1

k
0, k1 + kob,_1 5_‘6 0 (HlOd bn), k1 — kobp_1 5_6 0
Proof. We first rewrite (3.6) as

~ -1 ) _ _
D(f;/“ k) = m Z [(1 _ e—27‘rzk1p1 _ e—Qﬂzkzpz T e—2ﬂz(k1p1+k2pz))
PEFn

(310) _|_(1 _ 6727Tik1p1 _ 627Tik2p2 + e*QWi(klpl—ksz))} + bn

27T2]€1]€2 '

By (3.3)

> eFmriking =0, for j=1,2.
PEFn
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Thus
~ -1 ) , b
D(F' k - - 2 —27i(k1p1+kap2) —2mi(k1p1—kap2) n
( n ) 47T2k1k2 Z [ + € + ¢ ] + 271'2]{31]{32
PEFn
_ —1 —2mi(k1p1+kap2) —27i(k1p1—kap2)
o 47T2]€1]€2 Z [@ te }
pPEFn
bn —2mip _ —27ip — _
(311) _ -1 . 2 (klb;tk2bn 1) te 2 (klbn’an 1)

47T2]{71]€2
p=1

If both ]{31+k2bn_1 =0 (IIlOd bn) and klfkgbn_l =0 (HlOd bn) hOld, i.e. (kl, kz) S
L(n) and (k1, —k2) € L(n), we get

—b,
27T2]€1 /{22 '
Note that for odd b,, the congruences ky + kob,—1 =0 (mod b,,), k1 — kab,—1 =0
(mod b,) imply k1 = 0 (mod b,,) that violates the assumptions of Lemma 3.3. Thus
this case is possible only for even b,.
If only one of k1 + kob,—1 = 0 (mod by,), k1 — kabn,—1 = 0 (mod b,) holds, or in
other words only one of (ki, k3), (k1, —ko) is in L(n), then

(3.12) D(F,, k) =

_bn

47T2]C1k2 '

If k1 + kobp—1 # 0 (mod by,) and ky — kob,—1 Z 0 (mod b,), i.e. both (k1, k2) and
(k1, —k2) are not in L(n), then we get

(3.13) D(F,. k) =

(3.14) D(F,,k) = 0.
[l
Case 3. k1 # 0, ko = 0. We have the following lemma:
Lemma 3.4. If k1 #0,ky =0,
N LU — d by)
(3.15) DF )= ik, =0 (modba),
0, k1 #£20 (mod b,).
Proof. We obtain from (3.2),
~ -1 . . b
D ! k = 1— —2mikipy 1— 1— —27ik1p1 n
(Fn k) ik p; [( e J1—p2)+(1—e )P2] + Sk
(316) — -1 Z [1 _ e—27rik1p1] + by .
27Ti]<}1 27Ti/€1
pPEFy,

If k; =0 (mod by,), then e 27171 = 1 50 we get

bn

1 D(F! k) = .
(3.17) (. k) Smike
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If k; Z0 (mod by,), then Z e~ 2mikiPr — ) 50 we get

PEFn
(3.18) D(F,,k) = 0.
O
Case 4. k1 =0, ko # 0. We have the following lemma:
Lemma 3.5. Ifky =0,ke #0,
bn _
(319) ‘Z\)(]_‘;”k) — 2’/Tl.k27 k2 =0 (mod bn)?
0, ka #0 (mod by,).
Proof. We obtain from (3.2),
B(f/ k) _ -1 Z [(1 —Pl)(l _ e—2‘n’ik2p2) + (1 _Pl)(l _ e27rik2p2)] + bn
" 271"”4}2 27Tik2
PEF,
-1 ) ) b
— 1— 2 _ —2mikaops _ 2mikapa n
27Ti]€2 Z [( pl)( ¢ ¢ )] * 27Tik2
PEFy
1 ) ) ) )
— 27rik2 Z [2 _ e—27rzk:2p2 _ e27rzk1p2 _ 2p1 +ple—27rzk2p2 +p162ﬂlk2p2] +
pPEFn
If ko = 0 (mod by,), then e¥27*2P2 — 1 and we get
~ b
3.20 D(F' k)= ——.
(320) (F1d) = g
If k3 #0 (mod b,), then Z eF2mik2p2 — (0 and we get
PEFn
~ -1 ) . b
D / k — 2 _ 2 —27ikap2 2mikapa n
(Fn k) St > [2-2p1 +pre +pre ]+72m.k2
pPEFn
b
—1 i L I _ 2mikgpb, g 1 2mikgub, _1 bn
= — 2 - 27 T b” T bTL
omiks z_: { b T C e } * ik,
n _2mk2ubn—1 W 2mikgpby 1
= 2b, — (b, +1) — by, bn — on
2miksy [ (bn + +“Zl< +bn€ >1
1 -1 bn—1 1 2mikgub, 1 p 2mikanby g
= JE— —e = bn —e  btn 2
oriks | 2miky 2;0 <bne T > N
(3.21)
Let ,
n—1 2mix
mipw -1
f(.%‘) = Zez no= e21rim
= et — 1
On one hand,
o $ 2mip 2
(3.22) fla) =30 5 Fe

pn=0

bn

27Til€2 '
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and thus
, bn1 Qi 2rinkabn_1
(3.23) flhabnoy) =) S e o
p=0 "
on the other hand
2mie? i (¢ " — 1) — (€27 — 1)2m
(3.24) flx) = ( zﬂ)” G )5,
(e 1)
Note that e27#*20n-1 =1 and thus
2mikob, 1 )
2mwi(e” on -1
(3.25) f/(kzbnq) = gm‘kzbn,l 5
(o)
211
= 2mikgby, 1
e tn -1
Comparing (3.23) and (3.25) we find
Z 27”192/“)7, 1 1
— bn o e% 1
In the same way we get
bn—1 —27r7k2pbn 1 1
Z T T emikgba_1 ¢
e bn -1
Therefore,
[ p cmmasnay o miaen 1 1
Z |:be bn + bie bn :| = “2rmikab,_1 + 2mikoby 1
pu=0 LM n e on -1 e ®n -1
2mikob, _ —27ikob, _
Gt ) G i)
= “2rikgb, 2mikgb, _
(e o —1)(e o —1)
2mikoby, 1 —2mikob, 1
(& bn + e bn — 2
= “2rikgb, 1 2mikoby 1
2 — e bn —e bn
= -—1.
Hence from (3.21)
DFLK) = — (142
"  2miky  2miks
(3.26) = 0.
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Remark 3.6. We define the sets

S = {(ki,k2): k1,k2 #0, k1 =0 (mod by,)},

Sy = {(k1,k2): k1,k2 #0, k2 =0 (mod b,)},

S; = {(k1,0): k1 =0 (modb,), ki #0},

Si = {(0,k2): k2=0 (modby,), ks # 0},

Ss = {(k1,ke): (k1,k2) € L(n)\ {0}, ki,ka Z0 (mod b,)},

Sﬁ = {(kl, kQ) . (kl, —kQ) S L(TL) \ {0}, kl, k2 ié 0 (mod bn)}
Based on previous lemmas, we have the following observations. The results of
lemmas 3.2, 3.3, 8.4, and 3.5 imply that for k € S; U ... U Sg we have
. b,
(3.27) |D(F), k)| < B R—
[ max(|k;], 1)
j=1

In all other cases, the corresponding Fourier coefficients are equal to zero, see (3.14),
(3.18) and (3.26).

1

271’2 |k511| ’
We deal with Sy, S5, and Sy similarly. We are now ready to proceed to the main
theorem.

For k € Sy, we write ky = Ib,, where [ € Z\ {0}. Then |D(F/,, k)| =

Theorem 3.7. For the symmetrized Fibonacci set F/, C [0,1]%, we have

(3.28) |D(F,x)||2 < \/log by,

Proof. By Parseval’s theorem,

6
ID(F,x)|5 = ID(F,. k)3 < |DF,,0+> > |D(F,. k)
i=1 kes;
b2
< >
keL(n)\{0} H max(k?7 1)

Jj=1

T D L S

2
(k1,—k2)eL(n)\{0} max(k2 1)
]7

j=1
1 1
23> G I
10 k0 10

It is easy to see that the last two sums converge to some constants and the first
two are completely similar to each other. We can thus estimate
b2
(3.29) IDF X < Y
keL(n)\{0} max(k2- 1)
j b)

Jj=1



FIBONACCI SETS ARE GOOD FOR DISCREPANCY AND NUMERICAL INTEGRATION 17

We now use the following lemma, see Lemma 2.1 from Chapter 4 of [20].

Lemma 3.8. Denote
d
T(N) = {k = (k1,-- ,ka) € Z%: ] max(|k;|,1) < N}

j=1
and

Zy = (02" 9b,) \T(2'90,)) N L(n),  1=0,1,--,
then there exists an absolute constant v > 0 such that for any n > 2

L(7bn) N (L(n) \ 0) =0,
and
(3.30) |Z)] < 2Y(1 + 1) log by, 1=0,1,---.
Therefore, the summation in (3.29) can be estimated as
(331) IDFEE < XY G
1>0 keZ;

and using the cardinality estimate of Z; in (3.30), we get,

2L(1 4 1) log by,
IDF 0I5 < Z(@l))g

1>0
[+1
1>0
< logby,.

Hence

||D(f7lux)”2 < \/IOgTW
([l

Remark 3.9. In this section we symmetrize the original Fibonacci set to obtain a
2b,—point set F), = {(p1,p2) U{(p1,1 —p2) : (p1,p2) € Fn}. Obuiously, the Lo
discrepancy of F), satisfies the same upper bound as F,, in the order of magnitude
and thus is optimal. Theorem 3.7 verifies the sharpness of its Ly discrepancy.

In fact, we can also demonstrate that a 4b,—point set F, = {(p1,p2) U (1 —
p1,02) U {(p1,1 — p2) U{(1 — p1,1 —p2) : (p1,p2) € Fn} achieves the minimal
Ly discrepancy as well. The computation is completely analogous, and, in Case /
(Lemma 3.5), it is much more straightforward.

We now derive a formula which provides the exact value of || D(F},,x)||2. For
simplicity, we shall first assume that b,, is odd, and thus S5NSg = . We start with
the contribution of k € S5, using the notation introduced in Remark 3.6. In this

case, ﬁ(}" "y K) = —Mzbﬁ. We shall make use of the well-known identity, see e.g.
[1]:
1 72
3.32 = .
(8:32) Z (n+z)®  sin®(mx)

neZ
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Denote ki + kob,_1 = Ilb,, for I € Z and toward the end of the computation
write ko = mb,, +r, where m € Z and r = 1, ..., b, — 1. We have, by Lemma 3.3

. 2 b2 1
> ‘D(F"’k)’ =~ 1674 > k2 Zb2 '

b1 ks \ 2
keSs k220 mod b, ke lez ™ (l - ";712)
1 1
T 1672 2 i 2 ((Thn_1ks
k2#Z0 mod b, kQ S111 b
by —1

1 1
1672 2 byt 2 v 2
r=1 sin ( ) mezZ " (m + )

1 bt 1

2 Z . b . ’
167, = sin? (7ﬁ Z‘lr) - sin? (g—r)

where we have used identity (3.32) in the second and the last equalities above. It
is obvious that the contribution of k € Sy is identical. If b, is even, a “correction
term” ﬁ arises due to the fact that S5 M Sg # @ (we leave the computation to the
reader). h

Using the inclusion-exclusion principle and the identity

1 w2

leN

(3.33)

we obtain, by Lemma 3.2

~ 2 b2 b2
D D 11 Al V= -
k€S1US2 11€N k2 €N amt llb” kg k1€N,leN dmt - ki - by
—4 Z 4b4l212
11 €N, ZQGN
1 72 72 1 1 1
(8:35) it 6 6 1442 36 ( b%)

(The multiplication by 4 above accounts for all possible choices of signs).
Finally, Lemmas 3.4 and 3.5 yield

-~ 2 b2 1 1
! n —
(3.36) ) ‘D(?-‘n,k)’ - 2.5y RE=§
keS3USy ZEZ\{O}

Putting together equations (3.33), (3.35), and (3.36), and the relation D(F",,, 0) =

3 (Lemma 3.1) we obtain

Theorem 3.10. For n > 2 we have
(3.37)

when b,, is odd ,

r=1 sin b,

n

1 17 1
HD(f ”2 b2 Z (M) . sin2 (;,Tl) + % a ﬂ
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(3.38)

1 17 7
| D(F,, x ||2 4+ —+ ——= when b, is even.
b2 ; sin (LZ;”) sin? (g:) 36 7203

It can be shown directly that the main therm in the equations above is of the
order logb,, < n. Besides, numerical experiments indicate that

1 el 1
(3.39) = > ~ 0.1193n.

b2 2 [ Wby T 2 (nr
nop=1 sin® () sin® (3

4. CENTERED L, DISCREPANCY

Consider the following modification of the classical L, discrepancy function. For
a parameter a € [0,1/2] define the following univariate characteristic function for
telo,1).
S(a,t) := X[1/2—a,1/2+4] (1),
and for the multivariate case x € [0,1/2]¢, y € [0,1)¢

d
)= HS('TJ'?yj)'

Define for a set £ := {¢*})_; C [0,1]¢ the centered L, discrepancy as follows

N
ZS(Xa gu) -N S(Xv y)dy

[0,1]¢

Dc(fa Na d)P =

p=1 Lp([0,1/2] %)

In this section we estimate D°(&, N, d), from above in the case d = 2, p < o0,
N =b,, and
b= (b {ibn 1 fbn}), = (€9},

We apply here the technique that is based on the Fourier representation of S(x,y)
as a function on y. First, we find the Fourier representation of the univariate
function

1
S'(a, k)= / S(a,t)e 2 gt = (—1)F(2mik) "t (e2mka — g—2mika),
0

It is clear that S(a,0) = 2a. Second, it follows directly from the definition of S(x,y)
and the above formulas that

d d
(4.1) 1S(x, k)| = [ 15(;, k H x(|k;], 1)~

j=1
Denote
bn,
(b(k) — Z e27ri(k7§u).
pn=1

Then for a trigonometric polynomial f one has

(42) Zf /bm{ﬂbn 1/bn} :Z

p=1 k
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It is known and easy to see that the following relation holds

(4.3) o(k) = { 8” i;é%

Therefore, in the case p = 2, that we discuss first

(4.4) D (Fsbny2)2 < || Y ®(k)S(x,K)
K£(0,0) )
Using the fact that functions S(x, k) and S(x,k’) are orthogonal on [0,1]? if

([k1], |k2|) # (|k1], |k4]) and using the bound (4.1) and using the (3.30) again we get
from (4.4)

¢ - _ < 2l(141)
D (Fybn, 2)3 < > 02(2'00) 2| Z1] < 10gbn§T

=0

< logb,,.

Thus,
De(Fpybn,2)2 < y/logb,.
We now proceed to the case p € [2,00). Let
di(x) =Y S(x,k).

keZ,
Then
(45) DE(Fn b 2)p < bn Y ]l

1=0

By the corollary of the Littlewood-Paley theorem we have for ||¢;]|,

1/2
lrllp < (Z!Ms(wi) ,

where for s = (s1, s2), s; are nonnegative integers

WX = S et

(273 1< |k | <279,
j=1,2

It is not difficult to see that for ; only those ds(1);) can be nonzero for which
[ lIsll — logy(2'yb)| < C.

In addition by lemma 3.8 the number of terms of d4(3;) is not greater than C2!.
Therefore,

(4.6) 16wl < (180|127 s n)|| 2> < 27 /Pyt
and
(4.7) [4illy < (L+logbn)'/?27! /P 1

The bounds (4.5) and (4.6) imply
Dc(fna bn, 2)p < C(p)\/M
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We discuss the relations between centered L, discrepancy and standard L, discrep-
ancy. We have

S(a7 t) = X[O,%jta] (t) - X[O,%fa} (t)
This allows us to obtain the following inequality

D(&,N,d), < 2%|D(¢,x)

M-

The centered L, discrepancy can be bounded from below by the L, discrepancy of
a symmetrized set &, that we define momentarily. We describe it in the case d = 2.
Let Ry and Ry be reflection operators that act as follows: for u = (uy,us) € [0, 1]

Rl(u) = (1711,1,’&2), Rg(u) = (u17177.112).
For a set £ = {¢/}]L, € [0,1]?, define the symmetrized set

£:=EU R (§) URy(E) U Ry(R1(€)).
This set contains 4N points, counting multiplicity. The sets

11 11 11 11
Gl(x): |:2 2—|—Z‘1> [2 2 +l‘2> GQ(X) = |:2,2—.131> X |:2,2+.732),

11 11 11 11
Gg(X) = |:2,2 —I1> X |:2,2 —l‘2>, G4(X) = |:2,2+$1) X |:272 —,IQ),

counting the same number of points of ¢ since we split the same number of the
points in set § on the boundary evenly.
Then for the centered L, discrepancy of £ we have

P
(f 4N 2 / / XGl(x)(u) — 4N - 19 d:l?ldl'g
e{n 11]
P
XGl(z) V) = N - 2129| dz1dza,
where
1 1
=2 =2 - = - =2u— —;
z X,V (u > + 5 u 5
2u ueén [1 1]><[1 1]
=<V = — —
T] ) 27 27
Thus,
o E 1
D*(€4N,2), = | D(n - 5 %)l
Clearly, B
D¢(&,4N,2), <4D¢(&,N,2),.
Therefore,
. 1
D(EN,2), > ID0 — 5.9

It is known that for all p > 1 and any set Pn of N points one has

(4.8) [D(Pn,x)|lp = Cy/log N,
where C' is some positive absolute constant.

This implies that the Fibonacci sets F,, have optimal centered L,, discrepancy
for p € (1,00) in the sense of order.
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