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RATIONAL BASES FOR SPACES OF HOLOMORPHIC
FUNCTIONS IN THE DISC

GEORGE KYRIAZIS AND PENCHO PETRUSHEV

ABSTRACT. A new method for construction of bases for general distribution
spaces is developed. This method allows the freedom to prescribe the nature
and properties of the basic elements. The method is deployed to the construc-
tion of bases consisting of rational functions of uniformly bounded degrees for
Besov and Triebel-Lizorkin spaces of holomorphic functions in the unit disc.
In turn, this is utilized to give a new proof of Pekarski’s direct estimate for
rational approximation of holomorphic functions in HP.

1. INTRODUCTION

The main purpose of this paper is to construct bases for spaces of holomorphic
functions in the unit disc D in C consisting of rational functions of uniformly
bounded degrees. Such a basis will be of the form

R={Rq:Qe€Q},
where the index set Q consists of dyadic subintervals of [0, 1], quite like Meyer’s two
hump basis for H?(D) constructed out of periodic wavelets [11]. Each element Rq
of R will be a rational function of degree < K that is fixed. Targeted spaces are the
Hardy spaces HP(D) and the more general Besov spaces B; , and Triebel-Lizorkin
spaces Fy; . of holomorphic functions in D.

The primary motivation for this undertaking lies in the theory of rational ap-
proximation of holomorphic functions in D. A. Pekarskii [15, 16] proved remarkable
direct and inverse estimates for rational approximation in H?(D) which involve
Besov spaces and allowed him to completely characterize the rates of rational ap-
proximation in HP(D). We refer the reader to [14] for in depth discussion and
analysis of these results. The construction of a rational basis as described above
will enable us to give another proof of Pekarskii’s direct estimate and shed some
additional light on rational approximation of holomorphic functions.

To achieve our goal of constructing rational bases for spaces of holomorphic
functions we first develop a general method for construction of bases by “small
perturbation” of “nice” existing bases. The idea is to approximate the elements of
an existing basis, say, {Gg} by the elements of the new basis {Rqg} following two
simple principles: localization and approzrimation. The localization of the new basis
is measured in terms of the size of the inner products (G, Rp), while the approxi-
mation - by the size of the inner products (Gg —Rg, Gp). Technically, it boils down
to constructing { Rg} so that the operator with matrix ((Gg — Rg, Gp))g,peo has
sufficiently small norms on ¢?(Q) and on the sequence “smoothness” space of in-
terest (e.g. Besov or Triebel-Lizorkin sequence space). This method is rooted in
our previous work on bases [6, 7, 17], where bases were constructed for Besov and
Triebel-Lizorkin spaces on R™. In [8] this method was developed for construction
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2 GEORGE KYRIAZIS AND PENCHO PETRUSHEV

of frames in a general setting and applied to the construction of frames of small
shrinking support on the sphere.

In our specific implementation of the method here we approximate Meyer’s two
hump wavelet basis functions, denoted {Gg}, by appropriate rational functions
{Rg} of uniformly bounded degrees on T' = 9D. The key observation is that the
H? projection of the 1-periodized version of a rational function of the form m
on R or its shifts extends to a rational function on D with poles outside D. This
allows us to mediate between rational functions with poles outside D and rational
functions on R and achieve the needed localization and approximation properties
of the new system.

An important background component of our development is the identification
of the Besov and Triebel-Lizorkin spaces By , and F} , of holomorphic functions
in D as spaces of distributions on the unit circle T, obtained by P. Oswald in [12].
We further improve on this result by obtaining a characterization of these Besov
and Triebel-Lizorkin spaces in terms of Meyer’s two hump wavelet basis [11], quite
in the spirit of the wavelet characterization of Besov and Triebel-Lizorkin spaces
on R (see e.g. [5, 11]).

Our main result asserts that under some conditions on the parameters of our
rational basis R, it can be used for decomposition of the Besov and Triebel-Lizorkin
spaces By , and F; , of holomorphic functions in D. As an application of this result
we prove a direct estimate for n-term approximation from our rational basis for H?
which involves certain Besov spaces and as a consequence we obtain another proof
of Pekarskii’s direct theorem [16] for rational approximation in H?.

The paper is organized as follows: In §2 we review Besov and Triebel-Lizorkin
spaces of holomorphic functions in D and their identification as spaces of distri-
butions on T from [12]. In §3 we give the definition of Meyer’s two hump wavelet
basis for HP and use it for decomposition of Besov and Triebel-Lizorkin spaces on T.
In §4 we develop our general method for construction of bases. In §5 we construct
our rational basis and show that it can be used for decomposition of Besov and
Triebel-Lizorkin spaces. In §6 we prove a direct estimate for n-term approximation
from our rational basis in HP and as a consequence we prove Pekarskii’s direct
estimate from [16].

Notation: We shall use the notation T := {z € C : |z| = 1} and T := R/Z;
|z — y| = minpez | — y + n| will denote the distance on T or on R when dealing
with 1-periodic functions. Positive constants will be denoted by ¢, c1,¢,... and
they may vary at every occurrence. Also, a ~ b means cia < b < csa.

2. SPACES OF HOLOMORPHIC FUNCTIONS IN THE UNIT DISC

2.1. Definition of Besov and Triebel-Lizorkin spaces. Here we review Besov
and Triebel-Lizorkin spaces of holomorphic functions in the unit disk D in C. We
refer the reader to [13, 19, 20] for the theory of the classical Besov and Triebel-
Lizorkin spaces on R™ and T". We begin with some notation. We let A = A(D)
denote the set of all holomorphic functions in D and for f € A(D) we shall denote
briefly

Il = ([ Fe)piael) " = (2 / reemnpa)”, 0<p<oc,
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and

[ (rllzee == sup |f(rz)].

The Hardy space H?, 0 < p < oo, (see e.g. [22]) is defined as the set of all f € A(D)
such that

7l = i (£ )0 < oo.
For a function f € A(D) with Taylor series expansion f(z) =3_ f(n)z
TP f(2) = (n+1)7f(n)2", BeER.

n>0
For B > 0 this is called the Weyl derivative of f of order .

Definition 2.1. (a) Let s € R and 0 < p,q < co. The Besov space (B-space)
By, = By, (A) is defined as the set of all functions f € A(D) with finite semi-norm

! /

I35, = (| =08 gl ar) i g7 00, and
0

IfllB;.. = sup (1=r)" |7 f(r)lle if g =00

0<r<1

(b) Let s e R, 0 < p < o0, and 0 < ¢ < co. The Triebel-Lizorkin space (F-space)
Fy, = Fy,(A) is defined as the set of all f € A(D) with finite quasinorm

ez, = | ([ =m0 apar) | o oo, ana
171

In the definition of all of the above quasi-norms 3 :=s+ 1.

Foo = | 502 (=) f ()]s

Observe that in the above definition it suffices to require 3 > s. For such a se-
lection of 3 the respective quasinorms are equivalent. For this and other properties
of the B- and F-spaces we refer the reader to [2, 12].

It will be important for our further developments that the Besov and Triebel-
Lizorkin spaces of holomorphic functions defined above can be identified as spaces
of distributions on the unit circle T' = {z : |z| = 1}, which should be viewed as
their boundary values.

We denote by D, the class of test functions ¢ : T'— C of the form

27rzz Z ¢) 27Tznm e [0, 1)’ with ¢ / ¢ 27rzz 727rzn:r do

n>0
such that

(2.1) Pr() :=sup(n+1)"|p(n)| < 0o forall r>0.

n>0
The locally convex topology in D, is defined by the norms P., r = 0,1,....
The space of distributions D, is defined as the set of all bounded linear functionals
on D;. The pairing of f € D/, and ¢ € D4 will be denoted by (f,¢) = f(¢),
which is consistent with the inner product (f, g) fo e2™®) g(e2mix)dx on T.

The above definition readily implies that for any f € D’ there exists r > 0 such
that |(f, )| < ¢ Pr(¢) for all ¢ € D, which yields

(2:2) 1f(n)] < e (n+1)", n>0, where f(n):= (f, e2ne),
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This in turn leads to the conclusion that for any f € D/,
(2.3) f=>_fn)e* in D
n>0

Therefore, for any f € D/, there is a holomorphic function f € A(D) (the extension
of f) such that

(2.4) f(2) =Y f)z", |z <1
n>0

Conversely, for any function f € A(D) with at most polynomially growing Taylor
coefficients (like in (2.2)) there is a unique distribution f € D’ with the same
Fourier series coeflicients.

New convention. To simplify our notation, from now on we shall use the notation
é(x) and f(z) instead of ¢(e?™®) and f(e2™®), and consider the functions defined
on R and 1l-periodic, i.e. defined on T := R/Z. For instance, the class of test
functions D, will consist of all functions ¢ : T — C of the form

1
¢($> = Z q@(n)eQﬂ'inf with Qg(n) = / ¢($)€_2ﬂ-inz dz
n>0 0

such that P,(¢) < oo for all » > 0, where the norms P, are defined in (2.1). It is
easy to see that the topology on Dy can be equivalently defined by the semi-norms

N (@) = 6 |l pe, 7=0,1,....
By (2.3) it follows that for f € D/, and ¢ € D
(f,0) =>_ f(n)o(n),

n>0

where the series converges absolutely.

As already inducated in the introduction, when dealing with 1-periodic functions
on R we shall use the distance |z — y| = min,ecz |x —y +n| on R or T.

As usual for ¢ € D, and z € R we denote by 7, the translation operator
720(-) == ¢(- — ) and we set @(-) := ¢(—-). These definitions extend by duality
to D',. In particular, for f € D/, and ¢ € Dy we define the convolution of f with

¢ by fxo(x) = f(1:(¢)). It is easily seen that f* ¢ € Dy and
(2.5) fro(x)=>" f(n)d(n)e* .
n>0

2.2. Equivalent definition of Besov and Triebel-Lizorkin spaces. Here we
give an equivalent definition for the B- and F-spaces, introduced by Definition 2.1,
in terms of distributions on T. We shall essentially follow the development of these
spaces in [12]. Let ¢ € C*°[0, c0) satisfy
(2.6) suppp C [0,2], ¢>0, ¢@)=11if te]0,1].
Set @1(t) := ¢(t) — ¢(2¢t) and note that supp ¢1 C [1/2,2].

Let the trigonometric polynomials ®; be defined by

(o)
(2.7) Qo(x):=1 and @;(x):= Z(ﬁl (2_j+1y)62”i”“7, j>1.
v=0
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Definition 2.2. (a) Let s € R and 0 < p,q < co. The Besov space By, = B, (D)
is defined as the set of all f € D', such that

oo

Bs, = (Z(2Sj||¢>j * fHLp)q> o <00

=0

(2.8) /]

with the usual modification when ¢ = 0o
(b) Let s € R, 0 < p < o0, and 0 < q¢ < oo. The Triebel-Lizorkin space
Fy, = Fy (D) is defined as the set of all f € D!, such that

Lp

(2.9) 1L, = H(i(%g’@j *f(.)|)q)1/qH < o0
=0

with the usual modification when ¢ = 0o

One of the main results in [12] asserts that Definitions 2.1 and 2.2 essentially
define the same spaces:

Theorem 2.3. [12] With the identification from (2.3) —(2.4) the Besov spaces from
Definition 2.1 and Definition 2.2 are the same with equivalent norms. The same is
true for the Triebel-Lizorkin spaces from Definition 2.1 and Definition 2.2.

Several remarks are in order: 1) The spaces B;, and F, are in general quasi-
Banach spaces and Banach spaces if p,q > 1.

2) In the definition of the Besov and Triebel-Lizorkin norms above ¢; can be
replaced by any ¢ € C°°[0, 00) with the properties: supp ¢1 C [§, K] and

|p1(t)]| > c>0ford+e<t< K —e,

where 0 < 6 <1, K > 1,¢ >0, and 2(6 + &) < K — . The resulting norms are
equivalent.

3) The spaces B, and F},, are continuously embedded in D, , i.e. for any f € B
there exists k > 0 such that [(f, ¢)| < c[|f||B;, Pr(¢) for all ¢ € D, and the same
holds for Fj,.

4) The Hardy space HP can be identified as F. p2 With equivalent norms, when
0<p<oo.

2.3. Additional background material.

The maximal operator My, 0 <t < oo, is defined by
Jt

(2.10) wae) = (i [

where the sup is over all intervals I of length |I| < 1.

The Fefferman-Stein (see [18]) vector-valued maximal inequality will play a
prominent role: If 0 < p < 00,0 < ¢ < 00 and 0 < ¢t < min{p, ¢} then for any
sequence of functions {f,}52, on T,

2.11) [P

e

<o (S i)

An estimate on (Mt]].])(l‘) will be needed for an arbitrary interval I C R of
length |I| < 1, where 1 is the 1-periodic extension of the characteristic function
on I.
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Lemma 2.4. For any interval I = [a,b] of length b —a < 1

—1/t
(212) ML) @) ~ (1411 e —al)
where as elsewhere |x — a| := min, ey |x — a + n|.

This lemma, is trivial and the proof will be omitted.

Localization of trigonometric polynomials. The nearly exponential localiza-
tion of trigonometric polynomials with coefficients obtained from sampling of smooth
compactly supported cutoff functions will be needed.

Lemma 2.5. Given ¢ € C*°(R) with supp ¢ C [¢,d] and n > 1 we write
(2.13) O(x) = §(v/n) e,

VEZ
Then for any r > 0 and o > 0 there exists a constant ¢ > 0 such that
(2.14) 18 ()] < en” (1 +nlz])77,  |z| < 1/2.

This lemma is well known and follows by the fact that ¢, the inverse Fourier
transform of the function ¢ above, belongs to the Schwartz class S(R) of rapidly
decaying C'*° functions on R. For the proof one just applies the Poisson summation
formula as in the proof of Lemma 5.9 below. We omit the details.

3. DECOMPOSITION OF B- AND F-SPACES VIA THE TWO HUMP BASIS

3.1. Two hump wavelet basis. We next introduce wavelets with two humps
following closely Meyer’s construction from [11]. As in [11], given f € L'(R) we
denote by f its Fourier transform, defined by

(3.1) f(6) = / f(x)e " da.

Let W := {27/24)(27x—Fk), j, k € Z} be Meyer’s orthonormal wavelet basis for L?(R).
We recall that 1) is a real-valued function with the properties:

(3.2) ¥ € S(R) with supp ) C {§ : 2% <¢l < 8?71—},
(3.3) (1 —x) = ¢(),
(3.4) DolEP =1, ¢ #£0.

JEZ

From (3.3) it follows that ¢(x + 1/2) is even. It is convenient to write
P() = w(E)e 7,
where w(§) = w(:T/Q)(S) is also real-valued and even.
Set
gin(@) =22 (@ (x+0) —k), 0<k<2,j>0.
tez
It is not hard to see that the family {1} U {gjx : 0 < k < 27,5 > 0} is an
orthonormal basis for L?(T). These are the 1-periodic Meyer’s wavelets [11]. Then
g;.k(x) + gjr(—x) is even and noting that g; x(—z) = g; (1 — z) = gk (x) with
k* =27 — k — 1 we conclude that the family
G:={1}U{gjk+gir :0<k <27 j>0}
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is an orthogonal basis for the subspace of even functions in L?(T).

Following Bochkariev’s idea from [1] Meyer constructed a basis for H? by pro-
jecting the elements of G onto H?. More precisely, using the Poisson summation
formula it readily follows that

gj,k(‘r) = 2_j/2 Z 1/3(2ﬂy2—j)€27riu(x—k2*j).

vEZ
Set
(3.5) Gj’k(x) .— 9=3/2 Zlﬁ(%ﬂ—j)(ewwm—kz*i) + ezm'u(x—k*zﬂ'))
v>0
=277/2 Z w(2vm277) cos (21/—7T (k + 1))(527”'”z
v>0 2 2

for 0 < k < 2771 j > 0. This is the orthogonal projection of g;x + gjx+ onto
H?(T). Note that Goo(z) = —e*™*. In addition, let G_1o(z) := 1. Then the
family

(Gjr:0<k<271j>-1}

is an orthonormal basis for H2. Furthermore, as is shown in [11] this is an uncon-
ditional basis for H? for 0 < p < oo and a Schauder basis for H.
We next introduce more compact and convenient for us notation. Let

(3.6) Qjr = [k/27,(k+1)/2), k=0,...,277 =1, j>1,

and if Q = Q;x we let zg := k/27 denote the left end of @ and £(Q) := 277 is its
length. Also, if Q = Qjx we set Q* = Qi+, where k* :=2/ — k — 1.
We define for j > 1

Qi ={Q:0<k<27}, QO ={Qjp:0<k<27'}={Q": Q€ Q;},

Vj = Q; U Q3 and we also set Qp = Q1 := {[0,1]}, Q5 = Q*, := (). Note that
Q; N Q; = (. Finally we define

(37) Q= sz,le and V= UjZ,1Vj.

In what follows we shall identify any pair of indices (j, k) with the respective
dyadic interval Qjx = [k/27,k + 1/27). Then we can write

(3-8) G={Go:QeQ}

Observe that by Lemma 2.5 it readily follows that the basis elements G have
a two hump nearly exponential localization: For any ¢ > 0 there exists a constant
¢y > 0 such that for any Q € Q

(39)  1Go@)] < cot(@) V(142w — aql) 7 + (1+ 2|z — g-) 7).

It is also not hard to estimate the norms of Gg. Indeed, ||Gg||z2 = 1 by construc-
tion. This and (3.9) lead to

(3.10) |Gollr ~ £(Q)~Y2HP for 0 < p < oo,

see e.g. the proof of Proposition 5.12 below.
We next show that that G is a decomposition system for Dy and D/,
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Proposition 3.1. For any ¢ € D

(3.11) o= (6.Go)Go i D,
QEQ

and, hence, for any f € D',

(3.12) f=> (f,Gqg)Gq in D.
QEQ

Proof. Since G is a basis for H2 to prove (3.11) it suffices to show that the series
in (3.11) converges in the topology of D.

Let r > 0 and choose £ > 7+ 1. Using (3.5) and (2.1) if Q@ = Qx, 0 < k < 2971,
7 > 0, we obtain

(6, Go) <2797 > [ (2mv27)||(v)]
21 /3<v<2i+2/3

<2PlPe) Y, ()T <@ TAP(g)

21 /3<1<2i+2/3
and evidently |Gg(n)| < 277/2+1¢)(27n277)|. Hence
S 106, Ga)lIGa(n)] < 29D (2mn24) Py(4).
QEQ;
From this and (3.2) we infer
(n+1)" Y {6, Go)llGa(n)| < 2 Vh(2mn277)[Py(¢), n > 0.
QeQ;
Further, we use again (3.2) to obtain
sup(n+1)" 37 37 116, Ga)l[Golm)] < eP(6) sup 3 273 )i (2mn2 7))
=20 J>N QeQ; "0 >N
< Py(¢)27NETD 0 as N — oo,
which readily implies the convergence in D of the series in (3.11). O

3.2. Main assertion. In order to show that G is a basis for Besov and Tribel-
Lizorkin spaces we need to introduce their sequence counterparts.

Definition 3.2. (a) Given s € R and 0 < p,q < oo the space by, = by (Q) is
defined as the set of all complez-valued sequences h := {hg}toecg such that

a1 2\ Va
b, = (2 20N hal) ) <o
j=—1

QEQ;

(3.13) 1A

with the usual modification for q = oco.
(b) Given s € R, 0 < p < o0, and 0 < g < oo the space f, = f5,(Q) is defined
as the space of all complex-valued sequences h := {hg}geg such that

Foa T H( i 290 ) Uh@lﬂcz(-)]q)l/q‘

Jj=-1 QEQ;

(3.14) 7]

< 0

Lp

with the usual modification for ¢ = co. Here ﬂQ = Z(Q)’l/z]lQ.
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We next use the above sequence spaces to establish the claimed decomposition
result.

Theorem 3.3. (a) Let s € R, 0 < p,q < oo. Then any f € B;, has a unique
representation

(3.15) f=> co(f)Gq, where cq(f) = (f,Gq)
QEeQ

and the convergence is in the morm of B ; the convergence is unconditional if

28
p,q # 0o. Moreover,

(3.16) 1fllB;, ~ [l(ce(f))e

(b) Let s € R, 0 < p < o0, 0 < q < oo. Then any f € Fy, has a unique
representation

b54(Q)-

(3.17) F=7)_calf)Gq, where cq(f):=(f,Gq)
QeEQ
and the convergence is in Fp, ; the convergence is unconditional if q # oo. Further-
more,
(3.18) 1fllEg, ~ llca(FMells, 2

This theorem is quite close in spirit to the developments in [3, 4, 5, 11, 19]. For
completeness we provide the essential parts of its proof in the following. We shall
need several lemmas.

Lemma 3.4. For any o > 0 there exists a constant ¢, > 0 such that

(3.19)  |®; % Go(x)| gcgzv/Q((1+2”\x—xQ\)—”+(1+2" . )—ff)
for Qe Q,, j—2<v<j+1, and ;% Gg(x) = 0 for Q € Q, whenever
v>j+2o0rv<j—3. Here Q, =0 if v < —1.

Proof. Let Q = Qux, j—2<v<j+1,j>1, and v > 0. By the definitions of
®;, Gg in (2.7),(3.5), and by (2.5) we get

2 .
(I’ *GQ _2 U/QZQO ( ) ( ;—Vﬂ) 2mip(z—xQ)

u>0

s V/2Z<P1< K ) (2##) 2rip(z—wq) _. F(z) + F*(z).
>0

Set §(€) 1= ¢1(2VIH1€)(2n€). Evidently, § € C°(R), supp§ C [1/3,4/3], and all
derivatives of § can be bounded by constants independent of j, v due to |v —j| < 3.

On the other hand, ¢1(5£ )1[)(22”“) G(47). Therefore, by Lemma 2.5 we get

271
|F(2)] < co2"/2(1+ 2|2 — 30]) ™"

and the same estimate with zg replaced by zg« holds for F*. These two estimates
yield (3.19). In the case when j = 0 or v = —1, estimate (3.19) holds trivially.

Also, ®;%*Gg(x) =0for Q € Q,, v > j+2or v < j—3, since in this case § =0
with ¢ from above. O
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Definition 3.5. For a collection of complexr numbers {hq}qev, we set

(3.20) hiy =Y ( o]

Pev, 1+ 2]|17P — J?QD)”

Here k > 0 is a sufficiently large parameter that will be selected later on.

Lemma 3.6. Suppose t > 0 and let {hqg}qev,, j > 0, be a collection of complex
numbers. Assume k > 1/t + 1 in the definition (3.20) of hE?. Then

W lg(x) < th( 3 |hp|np)(x).

Pev;

This lemma is essentially the univariate version of Lemma A.2 in [4] and its proof
will be omitted.

Lemma 3.7. For anyt > 0 there exists a constant ¢ > 0 such that for any trigono-
metric polynomial g of degree < n (n > 0) one has

l9(y)|
A Fnle — gDt = T.
zs;gfr) (1+nlz —y)t/t — c(Mig)(z), =€

This lemma is well known; its version for entire functions of exponential type is
given in [19], Theorem 1.3.1. We omit the proof.

Proof of Theorem 3.3. We shall only prove part (b) of this theorem in the case
when ¢ < oo; the proof in the case ¢ = oo and the proof of part (a) are easier and
will be omitted.

Choose the constants ¢, k, o so that 0 < ¢t < min{p,q}, K > 1/t + 1, and o > .
Let f € F},,. Then by Proposition 3.1 f = ZQEQU, Gq)Gq in D!_. Denote briefly
cqg = (f,Gg) and let us extend the sequence (cg)geo to Q* by setting co- 1= cq.

From above and (3.19) we get

055 f@)] =] D @+ Go@)| < D D legli®; < Gol@)]

QeQ J—2<v<j+1Q€Q,

<o % |cq n |cq
j—2§§j+1 Q;QV (1422 —zql)7 (1 42|z —2q-|)

_ 21//2 ‘CQ| )
Cy wey el

J—2sv<j+1 QeV,

For any Q € V; we denote Wg 1= {P € Uj_2<,<;11V, : PNQ # 0}, where V,, := 0
if v < 0. Note that #WWg < 5. Then it follows from above that

|D; * f(z)| <ec Z CE;]IP(JI), reQeV;.
PeWqg

Here 1p := £(P)~'/?1p is the L?>-normalized characteristic function of P. We now
insert the above in (2.9) and use Lemma 3.6 and the maximal inequality (2.11) to
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obtain
- - a\ 1/q
Iflles, << ( 27 2 2 10 ),
j>0  QEV; PEWqg
ro - a\ 1/q
(S X ]
<c (Z _2 Z CQ]IQ() r
7=>0 QEVj
_ . . a\ 1/q
<SPl ¥ aie)]) ],
>0 QEeV;
(s -~ 14\ 1/a
<c ( 29 ) |cQ|ILQ} ) HLP < cl(c@lallss, o)

j>0 - QEV;

Thus || f[|rs, < cll(cq)ellfs, (o), which readily implies the unconditional convergence

in (3.17) in the norm of F;, .
We next prove an estimate in the opposite direction. Put

Uj(z) = @m279)e>™¥*, j>0, and V_i(z):=1

v>0

From properties (3.2)-(3.4) of ¢ and remark (2) after Theorem 2.3 it follows that

. 1/a

r, ~ |0 @918+ £00D7) |
jz—-1

Observe that \ilj * f is a trigonometric polynomial of degree < %2j and for Q € 9;

(f.Go)l = 277/2|0; * f(zq) + ¥; * f(zg-)
<2792 (sup [W; * f(y)| + sup [¥; * f(y)]).
yeQ yeQ™

(3.21) /]

e

Using the above and Lemma 3.7 we get

Y A GO < e Y [sup |5+ f(y)[1o()]

0cQ, Qev; veQ
\‘f’j * f(y)l q g 1
= C[?el%r’ (14272 - yl)l/t] = C[Mt“q’] ' fD(x)] '

Further, we use the definition of [|- [ in (3.14) and the maximal inequality (2.11)
to obtain

1.GaDllg, = || (3 2 X s Gadte0?) ||
i>-1  QeQ; !
A sfatn ),
<d|( X 2= s00") " < el

Here for the last inequality we used (3.21). O
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4. GENERAL SCHEME FOR CONSTRUCTION OF BASES

4.1. The setting. Assume that H is a separable complex Hilbert space (of func-
tions) and D C H is a linear subspace (of test functions) furnished with a locally
convex topology induced by a sequence of norms or semi-norms. Let D’ be the
dual of D consisting of all continuous linear functionals on D. We also assume that
H C D'. The pairing of f € D' and ¢ € D will be denoted by (f, ¢) := f(¢) and we
assume that it is consistent with the inner product (f, g) in H. Typical examples
are

(a) H = L*(R"), D = S(R") the Schwartz class on R", and D’ = &’ the dual
space of all tempered distributions on R";

(b) H = L?(R"), D = So(R™) the set of all functions ¢ in the Schwartz class
S(R™) such that [ ¢(x)z® =0 for o € Z', and D’ its dual;

(c) H = H?(T) the Hardy space of boundary values of holomorphic functions in
the unit disc D, and D := D, and D’ := D/, as described in §2.

Our next assumption is that L C D’ with norm | - |1 is a quasi-Banach space
of distributions, which is continuously embedded in D’. Further, we assume that
D C HNL and D is dense in H and L with respect to their respective norms.

We also assume that £(Q) with norm || - [|¢(o) is an associated to L quasi-Banach
space of complex-valued sequences with domain a countable index set Q. Coupled
with a basis ¥ the sequence space ¢(Q) will be utilized for characterization of the
space L. In addition to being a quasi-norm we assume that | - [|og) obeys the
conditions:

(i) For any sequence (hq)oea € £(Q) one has [[(ho)llay = I1hal) lo)-

(ii) If the sequences (hq)oco, (90)geo € U(Q) and |hg| < |gg| for Q € Q, then
1(hQ)lleco) < cll(9Q)leco)-

(iii) Compactly supported sequences are dense in £(Q).

4.2. Construction of bases for spaces of distributions.

4.2.1. The old basis. Given spaces D C H C D', L, and ¢(Q) as described in §4.1
with Q a countable index set, we assume that ¥ := {¢)g : Q € Q} C D is an
orthonormal basis for H, that is, (1q,1p) = dgp for Q, P € Q, and for any f € H

(4.1) F=3 (fivore mH and |fla=1(fve)allew.

QeQ

We also assume that U is a basis for the space L in the following sense: Every
f € L has a unique representation in terms of {1g}geco and

(4.2) =Y (fvQ)te,
QeQ

where the convergence is unconditional in L, and

(4.3) allfle < I(fve)ellae) < callfllz

for some constants ¢y, co > 0.

Remark 4.1. In (4.1)-(4.2) above and throughout the rest of this section when we
write “in H” or “in L” it will always mean that the convergence of the respective
series is unconditional in H or in L. For unconditional convergence and bases we
refer the reader to [10].
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4.2.2. Construction of a new basis. Our idea is to first construct by perturbing ¥
a new basis © = {0 : Q € Q} for H with elements g € H and then to show
that under some additional localization and approximation conditions © is a basis
for L. Since ¥ is a basis for H, we have

(4.4) o= (9, vp)tp inH.
PeQ

Denote by A the transformation matrix

(4.5) A = (aqr)q.peo; aqpr = (0q,Vp).

Our key assumption is that the operator A with matrix A is bounded and invertible
on £2(Q) and A~ is also bounded on £2(Q). Observe that if

(4.6) D = (dgr)q.reo = ((VQ = 0q,¥r))q.reo,
then D = I — A and, therefore, A1 exists and is bounded on ¢?(Q) if

(47) ||D||£2(Q),_>52(Q) < 1.

This is our main assumption in constructing © as a Riesz basis for H. The gist of
our method is to approximate g by 8¢ in such a way that D satisfies (4.7).

We shall show that under these conditions © is a Riesz basis for H. To proceed,
let

(4.8) A~ = (bor)g.Peo

and define

(4.9) Oq =) brour, Q€Q.
P

Since (A™1)* = (bpg) is the adjoint matrix of A~! and

Q,PeQ
AT @)z (0) = AT 2 (@)mr2 (@) < 00,

each vector row of (A~1)* belongs to £2(Q) and hence f from (4.9) is well defined
and 0o € H. Evidently, bpg = (0,1 p) and hence (p,0q) = bpg.

We set © := {éQ : @ € Q}. Then it is easy to see that the pair (©,0) is a
biorthogonal system in H, i.e. (0p, §Q> = dgp. Indeed,

(0p,0q) = ZleWP,?/JI) = ZaPlbIQ = (AA Y pg = bpo.
i T

Proposition 4.2. IfA, A= AT (A~YHT are bounded on (?(Q), then © (with dual
O) is a Riesz basis for H, i.e. for any f € H

(4.10) f=> (f0q)0q in H and
QeQ
(4.11) allfle < I1(F0))elleo) < call flla-

Proof. It is well know that (see e.g. [21]) a necessary and sufficient condition for
© C H to be a Riesz basis for H is that O satisfies the conditions:
(i) © is complete in H (the closed span of © is all of H).
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(ii) There exist constants ¢’,¢”” > 0 such that for any compactly supported
sequence h = (hg)geo one has

(4.12) bl < 1Y hobally < ¢ Ihlleo).
QeQ
We shall first prove that for any Q € Q
(4.13) bo =Y (q.01)0r =Y boif; in H.
1€Q 1€Q

To this end we shall utilize this lemma:

Lemma 4.3. The operator Th := Y o hqOq is well defined and bounded as an
operator from (*(Q) into H.

Proof. Let h = (hg)geo be a compactly supported sequence of complex numbers.
Then by the boundedness of AT on ¢?(Q) and (4.1) we have

IThllm = ||(< Z hQ9Q7¢P>)pH[2(Q) - H( Z hQ<0Q’¢P>)PH€2(Q)
QEQ QEQ

< AT 2 @pzc) IRlle2 () < cllBlle2(o)-

Since compactly supported sequences are dense in £2(Q), it follows that the operator
T is bounded as an operator from ¢2(Q) to H. It also follows that for any sequence
{hq} € £2(Q) the series 3o hgbg converges unconditionally in £%(Q). O

We now prove (4.13). Since A~ = (bgp)q,reo and [[(A™H) T ||2(g)r2(0) < o0,
we have (bor)r € €2(Q) and applying Lemma 4.3 it follows that gq := > ;.o borr
is a well defined element of H. On the other hand,

(9g.¥p) =Y bar{br,vp) =Y borarr = (A" A)gp = dgp,
IeQ IeQ
yielding gg = ¥¢. Hence, (4.13) holds.

As a basis ¥ := {¢g} is complete in H and now (4.13) implies that © := {fg}
is complete in H as well.

We now turn to the proof of (4.12). Let h = (hg)geo be a compactly supported
sequence of complex numbers. Then by Lemma 4.3 || > 0co thQHH < cl|h]le2(q)s
which gives the right-hand side estimate in (4.12).

For the other direction, denote briefly f := ZQE o hqbq. As was shown above

the system © := {fg}, defined in (4.9), is the dual of © and hence for Q € Q
hg =(1,0q) = (£, > _ brqvr) = Y _ bpo(f,4p),
PeQ pPeQ

which yields

Ihllezc@) < AT lez(@)me2c) | ({F, 0PN P 2y < €llf -

Here we used the boundedness of (A=1)T on (?(Q) and (4.1). Thus (4.12) is
established and hence © is a Riesz basis. This in turn implies (4.10)-(4.11). O

Our next aim is to show that under some reasonable conditions on A and A~!
the system O is an unconditional basis for L.
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Theorem 4.4. Let A and A~ be bounded on (?(Q) and assume that the operators
AT and (A~YH)T with matrices AT and (A=1)T are bounded on €(Q). Then ©

(with dual (:)) is a basis for L in the following sense: Fach f € L has a unique
representation in terms of {0g}oeo and

(4.14) =" (10,
QeQ

where by definition (f, §Q> =Y peolls 1/1p><1/1p,0~Q) and the series converges un-
conditionally in L. Furthermore, there exist constants cq,co > 0 such that

(4.15) allflz < I(f.0e)ellue) < cllfle for feL.

Proof. We first prove the right-hand side estimate in (4.15). Let f € L. Then by
(4.9) (1q,0p) = bgp and using that (A~1)T is bounded on ¢(Q), we get

IS BoD ey = 10D ()W 0a)) ollyoy < 10X bralfvr)) ollyo,

PeQ PeQ
(4.16) < 1A @) I((f, ¥a))alleo) < el fllL,
where for the last inequality we used (4.3). Thus the claimed inequality is confirmed.
We next deal with the left-hand side estimate in (4.15). For this we first prove
that the operator Th := .o hqtg is well defined and bounded as an operator

from ¢(Q) into L. Let first h = (hg)geco be a compactly supported sequence of
complex numbers. By (4.4) we have g = )", agpip and hence

Th=Y holg=3 ( 3 anhQ)wp.

QeQ PeQ QeQ
Then by (4.3) and the boundedness of AT on ¢(Q), we obtain

(417) | ThllL <c||( D] aQrhq) pllyo) < clA i@ llhlleo) < cllllq)
QeQ

By condition (iii) on ¢(Q) compactly supported sequences are dense in £(Q), and
hence the operator T can be extended uniquely as a bounded operator from ¢(Q)
to L. More precisely, from above and conditions (i)-(iii) on £(Q) it follows that for
any sequence h = (hg)geo € ¢(Q) and any € > 0 there exists a finite set of indices
F C Q such that for every index set ' C Q \ F we have

1> hetell, <e

QeF

This readily implies (see [10]) that the series } o hbfg converges unconditionally
in L. Thus T is a well defined and bounded operator from ¢(Q) into L. Assuming
that (4.14) is valid, using (4.17) we obtain the left-hand side estimate in (4.15).

It remains to show the validity of (4.14). We define a new operator U on L by

Uf =) (f.0q)0q
QeQ
By (4.16) we have ((f, éQ>)QEQ € ¢(Q) for f € L. Then from the boundedness of
the operator T it follows that the operator U is well defined and bounded on L. On
the other hand by (4.10), Uf = f for f € H and hence for f € D, but D is dense
in L. Therefore, Uf = f for f € L, i.e. (4.14) holds true. O
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5. RATIONAL BASIS FOR B- AND F-SPACES ON THE DISC

In this section we utilize the scheme from §4 to the construction of a basis
consisting of rational functions of uniformly bounded degrees for Besov and Triebel-
Lizorkin spaces of holomorphic functions in the unit disc. Our basis will be of the
form {Rqg}geo, where the index set Q is the family of dyadic cubes defined in (3.7).

5.1. Construction of the new basis. Let

1 P = R
(5.1) (x) At297 zeR, neN,
and denote
K
(5.2) O = {9 :0(x) = ch,@(ax +b,), c,b, ER, a > O}.
v=1

Evidently, ©x C Ra,x(R), where R,,(R) is the set of all rational functions of degree
(order) < n on R with real coefficients.

For future references, we denote by R, (D) the set of all rational functions R of
degree (order) < n which are holomorphic on D, i.e. the poles of R are outside D.

The gist of our method is to construct a rational basis for spaces of holomorphic
functions in D by taking the H? projections of the periodized appropriate rational
functions from Ry (R) for some fixed K.

The first step of this scheme is to approximate Meyer’s mother wavelet ¢ and
its derivatives by a rational function on R:

Proposition 5.1. Suppose 1 is the function from (3.2) — (3.4) which generates
Meyer’s orthonormal basis of L*>(R). Given N,n € N, M > 0 with 2n > M, and
e > 0 there exists K > 1 and 0 € O such that

@) W) -0 (@) <e(l+|z)™M, 0<r<N+2

63 N )
) /R;v O(z)de =0, 0<r<N.

For the construction of a function 6 as above we refer the reader to [7, Theo-
rem 4.1] (see also [8, Theorem 3.8]).

We are now prepared to define the elements of our rational basis. Just as in the
construction of the two hump wavelet basis of H2(T) (see (3.5)) we define for each
Q=Q;r€Q; (0<k<2/71 j>0)a function Rg on T by

(5.4) Rg(z) := 9=3/2 Z é(2ﬂ.y2—j)(62mv(m—k2’j) + eQ-rril/(m—k*2’j))7
v>0

where k* = 2/ — k — 1 and we set Rg(z) :=1if Q = Q_,,. Here 0 is the Fourier
transform of . Then

(5.5) R:={Ro:Q¢ Q}

is our new system on T. The parameters N, M, n, € of R will be selected in
Theorem 5.2 below.
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5.2. Main result. In the following, we let 7 := 1/ min{1, p} in the case of B-spaces
and J := 1/min{1,p, q} for F-spaces. Now, we can state our main result:

Theorem 5.2. Suppose s € R, 0 < p,q < o0, and let R := {Rg}geo be con-
structed as above with 0 satisfying (5.3), where N > max{s,J,J — s — 1} and
M > N +1. Then

(a) Each Rg € R extends to a rational function in Rk (D) for some fized K < 0.

(b) If € > 0 is sufficiently small (depending only on N and M) the system R
has a dual system R such that (R, R) is a Riesz basis for H*(T) and unconditional
basis for By, and Fj, in the sense of Theorem 4.4. In particular, any f € B,, or
I € F,, has a unique representation

(5.6) f=2 do(f)Re,
QeQ

where dg(f) == (f, Rq) := > peolfs Gp)(Gp,Rg) and the convergence is uncon-
ditional in By, or Fy,. Furthermore, if f € By, or f € F,, we have

(5.7) £, ~ I(da(f)e

respectively.

bs,@ o |fllrs, ~ Ido(f))allss, )

Remark 5.3. (a) The roles of {s,p,q} and {N,M,e} above can be reversed, i.e.
the conditions on the parameters of the basis R can be considered as conditions on
the indices {s,p,q} under which the conclusion of the theorem holds.

(b) Using the identification from (2.3) — (2.4) one can immediately extend the
elements of R to D to obtain a rational basis for the I'- and B-spaces of holomorphic
functions on D. In the future, e.g. in §6, we shall denote this basis by R again.

We shall carry out the proof of Theorem 5.2 in several steps, showing first that
the elements of R are rational functions.

5.3. The basis elements are rational functions. In this subsection we prove
part (a) of Theorem 5.2 (see Proposition 5.6 below). To this end we need some
preparation.

Denote by P,, the set of all univariate algebraic polynomials of degree < n.

Lemma 5.4. Let () = m, n € N. Then there exists a polynomial P € P,,_1
such that

(5-8) b(z) = e I P(|a),
where ® is the Fourier transform of ® (see (3.1)).

Proof. Since @ is an even function @ is also even, and hence it suffices to establish
(5.8) for > 0 only. Changing the variables we get

A 1 . eiy
5.9 D(x :/76_”‘”dy:x2”_1/7dy.
(5:9) @)= | TT e e @1

Let
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Fix £ > 0 and for R > x let v = g be the curve consisting of the segment [— R, R]
on the real line and the arch of the circle |z| = r in the upper half plane. By the
Residue Theorem

/f )dz = Res(f;ix),

27i

where Res(f;iz) is the residue of f at iz given by

1 ant
Res(f;ix) = 1) Zli_)Hilw o1 (z —ix)" f(2)
1 i dnfl el®
g 1m .
(n—1)! z—iz dz"=1 \ (2 + iz)"
Using Leibniz’s formula there exist constants a, € C, v =0,...,n — 1, such that
(5.10) Res(f;ix) = e~ Za,, —ner,

Writing

R iy ™ iRe't i Rett
e et i Re
dz = ——d ————dt
/Wf(z) < [R (@2 + g2)" Yy +/0 (22 + R2e2it)n

we observe that the second integral above tends to zero as R — oo and letting
R — oo we arrive at

(5.11) jg<x2f:;2yldy2wiRes(ﬁix)
Finally, putting together (5.9), (5.10), and (5.11) we get
n—1
d(z)=e"" Z e,
v=0
for some constants cg, ..., c,—1 € C, which completes the proof. O

Lemma 5.5. Let P € P,_1,n € N, and a € C. Then there erist constants
bo,...,bp—1 € C such that

n—1

(5.12) 3 P ( ) zz:b (

+1
7 <l

m>0
Proof. Put p,(z) := M for v > 1 and po( ) = 1. Ev1dent1y, the
polynomials pg,...,p,_1 are hnear 1ndependent and p,(m ( ) Therefore,
there exist coefficients b, € C, v =0,...,n — 1, such that

(5.13) me—z?&mjﬂ,nmz.

On the other hand, the identity (é)(y) = # implies that for |z| < |a]

V+1

P )R (0TS ()6
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Using this and (5.13) we obtain
n—1
zZ\m
> Pm(Z) = Xb
m>0 v=0

which confirms (5.12). O
We are now prepared to show that the new system R = {R¢g : Q € Q} (defined
in (5.5)) consists of rational functions of uniformly bounded degrees.

> ("G S

m>0

Proposition 5.6. Each element Rg of the new system R extends to a rational
function from Ronk (D).

Proof. Let Q = Qi € Q, (0<k< 215> 0). From the definition of Ry in
(5.4) we infer that Rg can be extended in D as

Rq(2) = Hjr(2) + Hjp-(2),
where
(5.14) Hjp(z) =Y 6(2mm27)e 2mimh2 ™ m 4] < 1,

m>0
and k* := 2/ —k—1. Observe that from the decay of 6 it follows that the last series
above converges absolutely for |z| = 1. Thus it suffices to show that H; x(2) € Rk
if0<k<2.

Since 6 € O then 6 is of the form 6(z) = 25:1 ¢, ®(ax + B,) with o > 0 and

cv, By € R. Applying the Fourier transform and Lemma 5.4 we get

K K
(5.15)  0() = a7 ®(g/a) Y e, e’/ = a7l O P(lg] /) Y " e, et/ S,
v=1 v=1

where P € P,,_1, and hence

K
H;p(z) = Z a*1€727rm2—.7a—1P(27Tm27ja71) Z cyei2”m2_](ﬁV/a*k)Zm
m20 v=1
K m
c ) ;
= 2N Pm2a™! | .
sz:l “ mzz:o | : (exp {2r2-ia~1 — 223 (L2 — k)})
We set a, := exp {272 Ja~! —i27279(8, /o — k) } and apply Lemma 5.5 to obtain
K K n—1
H = = Pm2a (2" = a, \"
)= D a7te, 30 P2 ) ()" = 30§ e ()
v=1 m20 v=1r=0
for some vg,...,Yn—1 € C. Observe that |a,| > 1. Therefore, H;; € Ry,x (D),

which completes the proof. [

5.4. Almost diagonal operators. For the proof of Theorem 5.2 we need to study
the boundedness of almost diagonal operators on the sequence spaces b, := b5, (Q)

and f5, = f5,(Q).

Definition 5.7. Let A be a linear operator acting on by, or by, with associated
matric (agp)qQ.reo- We say that A is almost diagonal if there exists § > 0 such
that

lagp|

sup —=%—— < 00
Q,PeQ w5(QaP) ’
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where for Q € Q; and P € Q;, 1,5 > —1,
ws(Q, P) 1= 20792 min {26-9)(49)/2 (=T +5/2-1/2)

1 1
(5.16) X —— + ——
(1 + 2m1n{l7.7}|xQ — l‘p|)j+6 (1 + 2m1n{’h]}|xQ — Tp )j+5
with J := 1/ min{1, p} for b5, and J :=1/min{1,p,q} for f;,.
Note that above we use our earlier convention |z — y| := mingez | — y + n.

We claim that almost diagonal operators are bounded on b;, and f,,. More
precisely, with the notation

lagp|
5.17 Alls:= sup —=—
(547 1Al @.reo ws(Q, P)
the following result holds:
Proposition 5.8. Suppose s € R, 0 < ¢ < 00, and 0 < p < o0 (0 < p < 0 in the

case of b-spaces) and assume that ||Alls < oo for some § > 0. Then there exists a
constant ¢ > 0 such that for any sequence h := {hq}qeq € by,

(5.18) [ARbs, < cllAlls]Ih

b5y
and for any h := {hq}qeo € fp,
(5.19) ALz, < cllAllslnllgg,-

The proof of this proposition is quite similar to the proof of Theorem 3.3 in [4].
We omit it.

5.5. Estimation of inner products. Our next step is to estimate the decay of
l{Rg,Gp)| and |(Gg — Rg, Gp)| away from the main diagonal. To this end we need
some preparation.

Lemma 5.9. Let h € C%(R) satisfy the following conditions for some N > 1 and

M>N+1:
(5.20) / 2"h(x)dx =0, 0<r<N,
R

(5.21) W (z)| < AL+ |z))™™, r=0,1,2.
If

g(z) = Z h(2mvn~Y)e?™* n > 1,

v>0

then
(5.22) lg(z)| < cAn(1 +nlz))™N,  |z| < 1/2.

Proof. Formally,

emh (&) = (—i)™i / (z"h(z))™e " dy

R
and hence, using (5.21) and the assumption M > N + 1, we get

€A (6] < / (" h(2)) |da < cA for 0<r<N,
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which implies
IR (€)] < cAL+E))7%, €€R,0<r<N.

On the other hand, by (5.20) we have h(")(0) = 0 for 0 < r < N.
Let f:= (h(-)1j0,))", ie. f(x) = [, h(§)e™®*dE. Using the above we infer

¥ =] [ A < [T lde < ea

and hence

(5.23) If(2)] < cAQ+ =)™, z€R.

The Poisson’s summation formula

(5.24) S flatv) =) fem)ermr,
vEL vez

applied to f(n-) (observe that m =n~1f(-/n)), yields
g(x) = Z h(2rvn~ 1) ive = nz f(n(z+v)).
V>0 veL
This coupled with (5.23) gives, for |x| < 1/2,

lg(x)] < enA Z(l +nlz+v])™N <enAd +nlz)) N Z v N <enA( 4 n|z|)V,
VEZ v>1
which completes the proof. [
In the following, for a given function g on R we set g;(x) := 27¢(27z) for j € Z.
Observe that (g;)" (&) = g(£277).

Lemma 5.10. Suppose the functions g € CN(R) and h € C(R) satisfy the condi-
tions:

9" (@) < Av(L+ )™M, 0<r <N, |h(2)] < Ap(1+ |2]) M2,
and
/xrh(az)dt:O foro<r<N -1,
where N > 1, My > MljRMg >N +1, and Ay, Ay > 0. Then fork > j (j,k € Z)
|gj * h ()] < Ay Ap2~ WM QI (1 429 |) M0,
where ¢ > 0 depends only on My, My, and N.

The proof of this lemma is essentially the same as the proof of Lemma B.1 in [4].
The only difference is in the normalization of the functions. We omit the proof.

To give our main assertion here we introduce the following notation: Given
f.h € L*(R) we write for Q = Q;, € Qj and P = P,,; € Q,
FQ (1') = Q_j/Q Z f(27n/2—j)(€2ﬂiu(m—k2*j) i eQWiV(m—k*Q*j)%
v>0

Hp(x) = 2—771/2 Z h(2ﬂy2—m)(e2ﬂil/(x—l2’m) + 627Tiy($_l*2*m)).
v>0

(5.25)
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Proposition 5.11. Suppose g,h € CNT2(R), N > 2, satisfy the conditions:

(5.26) (@) < Ay (L + 2™ and [BC)(2)] < Ag(1 4 |a|)~
for0<r < N+2, where M > N + 1, and
(5.27) /xrf(x)d;v:/aﬂh(x)dxzo, 0<r<N-1

R R

Then for Q@ =Qjr € Q5 and P = Py, ; € Oy,
[(Fg, Hp)| < cA; Ap21i—mI(N+1/2)

(5.28) x {(1 2mnlmd g0 —ap) TN 4 (14 270z — g

)]
where ¢ > 0 depends only on N and M.
Proof. From the definition of Fg, Hp in (5.25) we get

(Fo,Hp) =2~ (J+m)/2Zf(

WU)E(%—V)&””(’”P_“”Q)

w“\“
<

)
Loz
v=0

2miv(xpx —xTQ* )

(%)
f gt f’; FEi
)i

—(j+m /2Zf<2;TTV
=: 5 +52+/33+ﬂ4~

Assume that m > j. It is readily seen that
~/2TTUN - (27N ~ ~ 21y
f(j)h(?@) = (fj* hm)A(27TV) =(fx* hm—j)/\(?)a
where h(x) := h(—z). On the other hand, evidently

(f # o) (@) = (F7 5 ) ().

v ) e27riy(zp7mQ* )

By (5.26) we have
1Fr)(2)] < A1+ [2)) ™™, 0 < s <N, 0<r <2, and |[h(z)| < As(1 + |z])~

Also, by (5.27) it follows that fosﬁ(m) dr = 0,0 < s < N—1. We apply
Lemma 5.10 to f(") and h to obtain

((F % hane ) D @) = (P 5 o) @)] < 2 DN (L4 o)™, 0 <7 <2
On the other hand by (5.27) it follows that

/xs(f $ b)) (2)de =0, 0<r<2 0<s<2(N-1), (2(N—-1)>N).
R
Using the above we apply Proposition 5.9 to f x Bm,j and infer

By < CQ—(j+m)/22—(m—j)N2j(1 +2)ap — le)—N
=2~ M=DWNHD(1 4 9 |zg — zp|) ™V
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Exactly in the same way we get similar estimates for 82, 33, B4, where xg — xp is
replaced by xg —xp+, g+ —xp, and g~ —x p=, respectively. These estimates imply
(5.28) taking into account that 27|zp — xg| ~ 2/|zp — zg~| and 27 |zps — zg| ~
2j |{Ep — Q|- [l

5.6. Proof of Theorem 5.2. Let

(5.29) A = (agpr)q.reo, aq.p:= (Rq,Gp),
and D =1 — A, that is,

(530) D = (dQP)Q,PGQa de = <GQ — RQ,GP>.

Evidently, Theorem 5.2 will follow by Theorem 4.4, applied with H := H?(T),
L:= By, and {(Q) := by, (Q) (or L := F,, and £(Q) := f;,(Q)) and ¥ := G, Meyer’s
biorthogonal basis from (3.8) and Theorem 3.3, if we prove that the matrices A, A~*
above are bounded on H?(T) and A™, (A~")T are bounded on b5, (or f3.).

To establish the boundedness of A, AT it is sufficient to show that A is almost
diagonal on b5 (f5,), while for the boundedness of AT, (A~")T it is sufficient to
prove that [[Dllps —bs < 1 (or |[D|ss s < 1). However, by Proposition 5.8
[Dl[bs,—bs, < cl[Dlls, and hence it suffices to prove that there exists § > 0 such
that for any sufficiently small ¢ > 0

(5.31) ID]ls <e,

and similarly for f5,. We shall only prove (5.31); the proof of the estimates

|Alls, ||AT||s < oo is very similar and will be omitted.
By the definition of the systems {Gg} and {Rg} in (3.8) and (5.5), we have for

Q=QjreQ; (j>0)

Gola) = Ro(x) =279/ (= )" 2um2 /) (X mi(=h2) 4 2rmiG=k2),
v>0

GQ(SE) —9-i/2 Zzﬁ(?VWij)(eZuwi(szQ_j) + €2V7ri(x7k*2_j))’
v>0

and from the construction of 6 in Proposition 5.1 and from (3.2)
(=) (@) <e(t+]z)™, (@) <e(t+]e)™™, 0<r<N+2

/xrﬁ(z)das:(),/x%/}(x)dz:(), 0<r<N-1,
R R

where M > N 4+ 1 and N > max{s,J,J —s— 1}. Now, applying Proposition 5.11
we obtain for Q € Q;, P € Q;,14,j >0,

R
(Gq — Ro,Gp)| < ce mm{gww, 2<u>}

)

It is easy to see that this estimate also holds whenever i = —1 or j = —1. Therefore,
there exists 0 > 0 such that ||D||s < ce. However, ¢ is independent of ¢, N, M, and
hence ce can be replaced by €, i.e. (5.31) holds. O
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5.7. Localization and norms of the basis elements {Rg}. The following
result will be instrumental in the next section.

Proposition 5.12. For any Q € Q we have
(5:33)  [Rq(@)| < ct(Q)*((1+ 2|z wgl)™ + (14 2|x - aq-

)
and if € > 0 in the definition of Rg is sufficiently small
(5.34) IRq Ly ~ (Q)"YV2HYP  for 1/N < p < oo.

Proof. Estimate (5.33) is immediate from the definition of G in (5.4) and
Lemma 5.9.

From (5.33) it readily follows that || Rg||r» < cf(Q)~Y/?+1/Pif p > 1/N. The es-
timate in the other direction is more subtle. Exactly as in the proof of (5.32) using
Proposition 5.11 we get ||Gg — Rg|lz2 < ce. On the other hand ||Ggll2 = 1.
Therefore, choosing € > 0 so that ce < 1/2 we obtain 1/2 < |Rgl|z2 < 3/2. This
and (5.33) imply (5.34) in general. Indeed, if 1/N < p < 2, then

1/4 < |RqliZ < IRQls | Rallz < el RallZ, (@)~ 772,

and hence ||Rgl|z» > c£(Q)~1/2T1/P. If 2 < p < 0o we apply Holder’s inequality to
obtain

1/4 < /T |Ro(x)*de < ||Rollzr | Rollw < el Rollot(@) /27,

which leads again to |Rgl|z» > c£(Q)~Y/?*+/P. For p = oo this estimate is imme-
diate from ||Rgllr= > 1/2. O

6. RATIONAL APPROXIMATION IN THE HARDY SPACES H? ON THE DISC

Here we use the development of a rational basis from the previous section to give
another proof of the direct estimate of A. Pekarskii [16] for rational approximation
in HP(D). Given f € HP we denote by p,,(f, HP) the best approximation of f from
the class R, (D) of rational functions of degree < n on D, i.e.

n 7]{p = inf - p.
pn(f, HY) ge%fi(p)”f gl

Pekarskii’s result involves the Besov space B := B, s > 0, 1/7 := s+ 1/p,

TT?
0 < p < 00, of holomorphic functions in D.

Theorem 6.1 (Pekarskii [16] ). For any f € B2
(6.1) pn(f7 Hp) < Cn_sllfHBﬁv n=1,
where the constant ¢ > 0 depends only on s and p.

This result coupled with the companion Bernstein estimate from [15] enabled
Pekarskii to give a complete characterization of the rates of rational approximation
(approximation spaces) in the HP spaces, see [14] for a comprehensive discussion
of these results.

To prove estimate (6.1) we shall consider n-term approximation in H? from the
rational basis R := {Rg : Q € Q} we constructed in §5.1. More precisely, we
shall use {Rg} to denote both the basis functions introduced in (5.4)-(5.5) and
their analytic extensions to D that are rational functions with poles outside D as
shown in §5.3. As such we have ||Rq||u»(p) = [[Rq| L, Where on the right we have
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the LP-norm of Rg on T. We hope this slight abuse of notation will not create
problems.
Let X, be the nonlinear set of all functions g of the form

9= ) aqRa,
QeA,

where A, C Q, #A,, <n, and A,, may vary with g. Denote by o, (f), the error of
best HP-approximation to f € HP? from X, i.e.

Py = i - p.
ol £, ) = inf | =gl

The approximation will take place in H?(D), 1/N < p < oo, where N is the main
parameter of the basis R, see Theorem 5.2; N can be selected arbitrarily large.

Under this assumption, from (5.7) in Theorem 5.2 and (5.34) one obtains easily
the following representation of the norm in B?:

(6.2) 1715 ~ ( 3 1. Ba)Rallns)

QeQ
We now give the main result of this section.
Theorem 6.2. If f € BZ, then
(6.3) on(f, H?) <cn™*|flls, n =1,
where ¢ depends only on s, p, and the parameters of R.

Remark 6.3. Observe that by Theorem 5.2 Rg € Ry (D) for all Q € Q with
some K = const. Therefore, ¥,, C Rg,(D) and hence p,(f, H?) < oxn(f, HP).
Consequently, estimate (6.3) implies Pekarskii’s estimate (6.1).

The proof of Theorem 6.2 relies on the following lemma.

Lemma 6.4. Let F' = ZQGQ" agRq, where Q, C Q and #Q, < n. Suppose
lagRolla» < A for Q € Q,, where 0 < p < co. Then ||F||g» < cAn'/P.

Proof. Let 1 < p < oo; the case when 0 < p < 1 is trivial. For the rest of the proof
we shall work as before with the norms on T rather than on D. By (5.34) and the
assumption |agRgl|r» < A we get |ag| < cAL(Q)Y/?71/P for Q € Q;. Choose t so
that 1/N <t < 1. Then using (2.12) and (5.33) we infer

|[Rq(2)] < eM(6(Q)7%10)(2) + M (@) *10)(2), Q€ Q;,

and hence, using the maximal inequality (2.11),

1Pl < ¢ D2 Millaglt(@)*10) ||, +¢|| D Mellaqle@)*15)]
Qe Qe

Lp
Qp

Lp

< cH an IaQ\f(Q)*l/anHLP T CH QZ laolt(@) 1z

<cal| 3T U@ r1g)
Qe

Let E = Ugeq, @ and w(z) := min{/(Q) : Q € Q,,,z € Q} for x € E. Evidently,
for z € Q, Q € Q,, we have

S WP @YY <Y 27 = ¢ < o0,

P:xeP,QCP v>0

v
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Therefore,

> UQ) T P1g(r) < crw(z) TP, z € E,
Qen,

which implies

1/p
¥l < cAlt) s = eA( [ wo)da)
E

< CA( Z E(Q)_I/EJIQ(x)d:r)l/p < CA#HQ)YP < ecAnt/?. O

One carries out the proof Theorem 6.2 precisely as the proof of Theorem 6.2 in
[9], using (6.2) and Lemma 6.4. We omit the details.
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