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NONLINEAR NONNESTED 2-D SPLINE APPROXIMATION

M. LIND AND P. PETRUSHEV

ABSTRACT. Nonlinear approximation from regular piecewise polynomials (splines)
supported on rings in R? is studied. By definition a ring is a set in R? obtained
by subtracting a compact convex set with polygonal boundary from another
such a set, but without creating uncontrollably narrow elongated subregions.
Nested structure of the rings is not assumed, however, uniform boundedness of
the eccentricities of the underlying convex sets is required. It is also assumed
that the splines have maximum smoothness. Bernstein type inequalities for
this sort of splines are proved which allow to establish sharp inverse estimates

in terms of Besov spaces.

1. INTRODUCTION

Nonlinear approximation from piecewise polynomials (splines) in dimensions
d > 1 is important from theoretical and practical points of view. We are interested
in characterising the rates of nonlinear spline approximation in LP. While this
theory is simple and well understood in the univariate case, it is underdeveloped
and challenging in dimensions d > 1.

In this article we focus on nonlinear approximation in LP(2), 0 < p < oo, from
regular piecewise polynomials in R? or on compact subsets of R? with polygonal
boudaries. Our goal is to obtain complete characterization of the rates of approxi-
mation (the associated approximation spaces). To describe our results we begin by
introducing in more detail our

Setting and approximation tool. We are interested in approximation in L7,
0 < p < o0, from the class of regular piecewise polynomials S(n, k) of degree k — 1
with £ > 1 of maximum smoothness over n rings. More specifically, with Q being
a compact polygonal domain in R? or Q = R2, we denote by S(n, k) the set of all
piecewise polynomials S of the form

(1.1) S=> Pilg, SeW'2Q), Pjell,
j=1
where Ry,..., R, are rings with disjoint interiors. Here II; denotes the set of all

algebraic polynomials of degree k—1 in R? and S € W*~2(Q) means that all partial
derivatives 0*S € C(Q), |a] < k — 2. In the case where k = 1, these are simply
piecewise constants.

A set R C R? is called a ring if R is a compact convex set with polygonal bound-
ary or the difference of two such sets. All convex sets we consider are with uniformly
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2 M. LIND AND P. PETRUSHEV

bounded eccentricity and we do not allow uncontrollably narrow elongated subre-
gions. For the precise definitions, see §3.1 and §4.1.

Motivation. Our setting would simplify considerably if the rings R; in (1.1) are
replaced by regular convex sets with polygonal boundaries or simply triangles. How-
ever, this would restrict considerably the approximation power of our approximation
tool. As will be seen the piecewise polynomials as defined above with rings allow to
capture well point singularities of functions, which is not quite possible with piece-
wise polynomials over convex polygonal sets. The idea of using rings has already
been utilized in [1].

It is important to point out that our tool for approximation although regular
is highly nonlinear. In particular, we do not assume any nested structure of the
rings involved in the definition of different splines S in (1.1). The case of approxi-
mation from splines over nested (anisotropic) rings induced by hierarchical nested
triangulations is developed in [2, 4].

Denote by S¥(f), the best LP-approximation of a function f € LP(Q) from
S(n, k). Our goal is to completely characterize the approximation spaces Ag, a >0,
0 < g < o0, defined by the (quasi)norm

oo

1/q
I7hag = 1+ (32 (7501)" ;)

with the ¢9-norm replaced by the sup-norm if ¢ = oco. To this end we utilize
the standard machinery of Jackson and Bernstein estimates. The Besov spaces
B3* := BSF with 1/7 = s/2 + 1/p naturally appear in our regular setting. The
Jackson estimate takes the form: For any f € B

(1.2) Su(f)p < en™*2|f| g

For k = 1,2 this estimate follows readily from the results in [4]. It is an open
problem to establish it for £ > 2. Estimate (1.2) implies the direct estimate

(1.3) SE(f)p < cK(f,n™/?),

where K(f,t) = K(f,t; LP, BS*) is the K-functional induced by L? and BS*.
It is a major problem to establish a companion inverse estimate. The following
Bernstein estimate would imply such an estimate:

(1.4) |S1 — S2

gt < en®?S1 = Solle, 81,5 € S(n, k).

However, as is easy to show this estimate is not valid. The problem is that S7; — .S
may have one or more uncontrollably elongated parts such as 1o c)x[0,1] With small
€, which create problems for the Besov norm, see Example 3.2 below.

The main idea of this article is to replace (1.4) by the Bernstein type estimate:

(1.5) 1S4

;S,k < |5y gk +en*/?||S) — So|12s, A :=min{r, 1},
where 0 < $/2 < k — 1+ 1/p. This estimate leads to the needed inverse estimate:
n 1/

(1.6) K(fn*/?) < en=2( S0 L[28,(),) +11£1)

v=1
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In turn, this estimate and (1.3) yield a characterization of the associated approxi-
mation spaces A in terms of real interpolation spaces:

(1.7) AY = (LP,Bi*)ay, 0<a<s, 0<q<oo.

See e.g. [3, 6].

A natural restriction on the Bernstein estimate (1.5) is the requirement that the
splines S1, 53 € S(n, k) have maximum smoothness. For instance, if we consider
approximation from piecewise linear functions S (k = 2), it is assumed that S is
continuous. As will be shown in Example 4.4 estimate (1.5) is no longer valid for
discontinuous piecewise linear functions.

The proof of estimate (1.5) is quite involved. To make it more understandable
we first prove it in §3 in the somewhat easier case of piecewise constants and then in
§4 for smoother splines. Our method is not restricted to splines in dimension d = 2.
However, there is a great deal of geometric arguments involved in our proofs and
to avoid more complicated considerations we consider only spline approximation in
dimension d = 2 here.

Useful notation. Throughout this article we shall use |G| to denote the Lebesgue
measure a set G C R?, G°, G, and G will denote the interior, closure, and bound-
ary of G, d(G) will stand for the diameter of G, and 14 will denote the characteristic
function of G. If G is finite, then #G will stand for the number of elements of G.
If v is e polygon in R?, then ¢(vy) will denote its length. Positive constants will
be denoted by c1, co, ¢/, ... and they may vary at every occurrence. Some impor-
tant constants will be denoted by ¢y, Ng, B,... and they will remain unchanged
throughout. The notation a ~ b will stand for ¢; < a/b < ¢s.

2. BACKGROUND

2.1. Besov spaces. Besov spaces naturally appear in spline approximation.
The Besov space Bk = Bsk s >0,k > 1, 1/7 := s/2+ 1/p is defined as the

TT

set of all functions f € L7(€2) such that

(2.1) |f|Bf‘k = (/OOO [t_swk(ﬁ t)T]T%)l/T < 00,

with the usual modification when ¢ = oo. Here wi(f,?); := supj, <, IARF( N Lo
with AF f(z) := ZIZZO(—I)’”” (’;)f(:z: + vh) if the segment [z,x + kh] C Q and
A¥ f(z) := 0 otherwise.

Observe that for the standard Besov spaces By, with s > 0 and 1 < p,q < o0
the norm is independent of the index k > s. However, in the Besov spaces above in
general 7 < 1, which changes the nature of the Besov space and k should no longer
be directly connected to s. For more details, see the discussion in [4], pp. 202-203.

2.2. Nonlinear spline approximation in dimension d = 1. For comparison,
here we provide a brief account of nonlinear spline approximation in the univariate
case. Denote by S¥(f), the best LP-approximation of f € LP(R) from the set
S(n, k) of all picewise polynomials S of degree < k with n + 1 free knots. Thus,
S € S(n,k)if S =377, Pjly, where P; € Ily and I, j = 1,...,n, are arbitrary
compact intervals with disjoin interiors and U;I; is an interval. No smoothness of
S is required.
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Let s > 0,0 < p < 0o, and 1/7 = s+ 1/p. The following Jackson and Bernstein
estimates hold (see [5]): If f € LP(R) and n > 1, then

(2.2) Sh(F)p < en”®|flgan
and
(2.3) |S\Bi,k <en®||S||e, S €8S(n,k),

where ¢ > 0 is a constant depending only on s and p. These estimates imply
direct and inverse estimates which allow to characterise completely the respective
approximation spaces. For more details, see [5] or [3, 6].

Several remarks are in order. (1) Above no smoothness is imposed on the piece-
wise polynomials from S(n, k). The point is that the rates of approximation from
smooth splines are the same as for nonsmooth splines. A key observation is that
in dimension d = 1 the discontinuous piecewise polynomials are infinitely smooth
with respect to the Besov spaces BS¥. This is not the case in dimensions d > 1 -
smoothness matters. (2) Unlike in the multivariate case, estimates (2.2)-(2.3) hold
for every s > 0. (3) If S1,5; € S(n, k), then S1 — Sz € S(2n, k), and hence (2.3)
is sufficient for establishing the respective inverse estimate. This is not true in the
multivariate case and one needs estimates like (1.4) (if valid) or (1.5) (in our case).
(4) There is a great deal of geometry involved in multivariate spline approximation,
while in dimension d = 1 there is none.

2.3. Nonlinear nested spline approximation in dimension d = 2. The rates
of approximation in L?, 0 < p < oo, from splines generated by multilevel anisotropic
nested triangulations in R? are studied in [2, 4]. The respective approximation
spaces are completely characterized in terms of Besov type spaces (B-spaces) de-
fined by local piecewise polynomial approximation. The setting in [2, 4] allows to
deal with piecewise polynomials over triangulations with arbitrarily sharp angles.
However, the nested structure of the underlying triangulations is quite restrictive.
In this article we consider nonlinear approximation from nonnested splines, but in
a regular setting. It is a setting that frequently appears in applications.

3. NONLINEAR APPROXIMATION FROM PIECEWISE CONSTANTS

3.1. Setting. Here we describe all components of our setting, including the re-
gion ) where the approximation will take place and the tool for approximation we
consider.

The region 2. We shall consider two scenarios for Q: (a) @ = R? or (b) Q is a
compact polygonal domain in R2. More explicitly, in the second case we assume
that € can be represented as the union of finitely many triangles with disjoint
interiors obeying the minimum angle condition. Therefore, the boundary 0f2 of Q
is the union of finitely many polygons consisting of finitely many segments (edges).

The approximation tool. To describe our tool for approximation we first intro-
duce rings in R2.

Definition 3.1. We say that R C R? is a ring if R can be represented in the form
R = Q1 \ Q2, where Q2, Q); satisfy the following conditions:

(a) Q2 C Q1 or Q2 = 0;

(b) Each of Q; and Q3 is a compact regular convex set in R? whose boundary is
a polygon consisting of no more than Ny (Vg fixed) line segments. Here a compact
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convex set @ C R? is deemed regular if Q has a bounded eccentricity, that is, there
exists balls By, Ba, B; = B(xj,rj), such that By C Q@ C By and 7 < ¢or2, where
co > 0 is a universal constant.

(¢c) R contains no uncontrollably narrow and elongated subregions, which is
specified as follows: Each edge (segment) FE of the boundary of R can be subdivided
into the union of at most two segments E;, Es (E = E; U Es) with disjoint (one
dimensional) interiors such that there exist triangles Ay with a side E; and adjacent
to F7 angles of magnitude 8, and Ay with a side Fs and adjacent to Ey angles of
magnitude B such that A; C R, j = 1,2, where 0 < § < 7/3 is a fixed constant.

FIGURE 1. Left: a ring R = Q7 \ Q2. Right: R with the triangles
associated to the segments of OR.

Remark. Observe that from the above definition it readily follows that for any
ring R in R?

(3.1) |R| ~ d(R)”
with constants of equivalence depending only on the parameters Ny, cg, and 3.

In the case when € is a compact polygonal domain in R?, we assume that there
exists a constant ng > 1 such that Q can be represented as the union of ny rings
R; with disjoint interiors: Q = Uj2, R;. If © = R?, then we set ng := 1.

We now can introduce the class of regular piecewise constants.

Case 1: Q2 is a compact polygonal domain in R%2. We denote by S(n,1) (n > ng)
the set of all piecewise constants S of the form

n
(3.2) S=> ¢lg, ¢€ER,
j=1
where Ry,..., R, are rings with disjoint interiors such that = Uj_ R;.

Case 2: Q = R2. In this case we denote by S(n, 1) the set of all piecewise constant
functions S of the form (3.2), where Ry, ..., R, are rings with disjoint interiors such
that the support R := UJ_; R; of S is a ring in the sense of Definition 3.1.

Example. A simple case of the above setting is when Q = [0,1]? and the rings R
are of the form R = Q1 \ Q2, where Q1, Q2 are dyadic squares in R%. These kind
of dyadic rings have been used in [1].
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A bit more general is the setting when Q is a regular rectangle in R? with
sides parallel to the coordinate axes or 2 = R? and the rings R are of the form
R = @1\ Q2, where Q1, Q2 are regular rectangles with sides parallel to the coor-
dinate axes, and no narrow and elongated subregions are allowed in the sense of
Definition 3.1 (c).

Clearly the set S(n,1) in nonlinear since the rings {R;} and the constants {c;}
in (3.2) may vary with S.

We denote by S} (f), the best approximation of f € LP(2) from S(n, 1) in LP(Q),
0<p<oo,ie.

1 o : _
(33) Sulf)p = dnf If = Slleo-

Besov spaces. When approximating in LP, 0 < p < oo, from piecewise constants
the Besov spaces BS! with 1/7 = s/2 4+ 1/p naturally appear. In this section, we
shall use the abbreviated notation B for these spaces.

3.2. Direct and inverse estimates. The following Jackson estimate is quite easy
to establish (see [4]): If f € B2, s> 0,1/7:=5/2+1/p, 0 < p < oo, then f € LP()
and

(3.4) S}L(f)p < cn_s/2|f|3$ for n > no,

where ¢ > 0 is a constant depending only on s,p and the structural constants N,
cp, and [ of the setting.

This estimate leads immediately to the following direct estimate: If f € LP(2),
then

(3.5) Sy(Pp S K (f,n7%%), n>1,
where K (f,t) is the K-functional induced by L? and B2, namely,
(36)  K(f.0)=K(£6:07,B7) = nf {If ~gll, +tlals;). >0,
The main problem here is to prove a matching inverse estimate. Observe that

the following Bernstein estimate holds: If S € S(n,1), n > ng, and 0 < p < oo,
0<s<2/p,1/7=35/2+1/p, then

(37) |S‘B‘,s_ S C’I’LS/QHSHL:"?

where the constant ¢ > 0 depends only on s, p, and the structural constants of the
setting (see the proof of Theorem 4.5). The point is that this estimate does not
imply a companion to (3.5) inverse estimate. The following estimate would imply
such an estimate:

(38) |S1 —SQ‘Bi SC’H/S/2”51 —SQHLp, 51,5 ES(TL, 1).
However, as the following example shows this estimate is not valid.

Example 3.2. Consider the function f := 1jgcjx[o,1], Where € > 0 is sufficiently
small. Tt is easy to see that

wl(fat): N{
and hence for 0 < s < 2/p and 1/7 = s/2 + 1/p we have
f

t if t<e¢
e if t>e

s~ e T8 g V/PT2 72| f| L, implying  |f

Bs % c|[fllze,
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since € can be arbitrarily small. It is easy to see that one comes to the same
conclusion if f is the characteristic function of any convex elongated set in R%2. The
point is that if S7,5; € S(n,1), then S; — Sy can be a constant multiple of the
characteristic function of one or more elongated convex sets in R? and, therefore,
estimate (3.8) is in general not possible.

We overcome the problem with estimate (3.8) by establishing the following main
result:

Theorem 3.3. Let 0 <p < o0, 0< s<2/p, and 1/7 = s/2+ 1/p. Then for any
51,52 € S(n,1), n > ng, we have

(3.9) |S1]Bs < |52
(3.10) 1[5 < 1S

Bs + cns/zHSl —Sollpe, #f 7>1, and

%: + CTLTS/2||S1 - SQHEP? Zf T < 1’

where the constant ¢ > 0 depends only on s,p, and the structural constants Ny, cg,
and (.

In the limiting case we have this result:
Theorem 3.4. If 51,55 € S(n,1), n > ng, then
(3.11) 11|y < |Sa|py + cn'/?||S1 — Sa| L2,
where the constant ¢ > 0 depends only on the structural constants Ny, co, and 5.

We next show that estimates (3.9)-(3.10) and (3.11) imply the desired inverse
estimate.

Theorem 3.5. Let p, s, and T be as in Theorem 3.3 and set A := min{r, 1}. Then
for any f € LP(Q) we have

n

—S —S 1 S A I/A
(312)  K(fn ) <en™ (Y S [02SH A1) T n o
E:’ng
Here K(f,t) = K(f,t; L?, B?) is the K-functional defined in (3.6) and ¢ > 0 is a
constant depending only on s,p, and the structural constants of the setting.

Furthermore, in the case when p =2 and s = 1 estimated (3.12) holds with B2
replaced by BV and A = 1.

Proof. Let 7 < 1 and f € LP(Q). We may assume that for any n > ng there
exists S, € S(n,1) such that || f — Sull, = SL(f)p. Clearly, for any m > mg with
mo := [logy o] we have

(3.13) K(f,27m%) <||f = Sgm

We now estimate |Sam |, using iteratively estimate (3.10). For v > mg + 1 we get

» + 27ms/2|52m

Bs-

=

B: < [Sav-1[ps + 272 Sg0 — S|}
< [Sav-1[ps + 272 (|1f = Saef + IS = Sav-ally)

<[ Syt [y + 27280 ()

From (3.7) we also have

|Samo|s < cllSzmollp < cllf = Samolly + €l fllp = cSamo (f)p + €l fllp-




8 M. LIND AND P. PETRUSHEV

Summing up these estimates we arrive at

m—1
|Sam By < e D 27285, () + cllf -
rv=myo
Clearly, this estimate and (3.13) imply (3.12). The proof in the cases A > 1 or
p =2, s=1, and B? replaced by BV is the same. ([

Observe that the direct and inverse estimates (3.5) and (3.9)-(3.11) imply imme-
diately a characterization of the approximation spaces Ay associated with piecewise
constant approximation from above just like in (1.7).

3.3. Proof of Theorems 3.3. We shall only consider the case when Q C R? is a
compact polygonal domain. The proof in the case 2 = R? is similar.

Assume S1,55 € §(n,1), n > ng. Then 57,55 can be represented in the form
S; = ZRGRj crlg, where R; is a set of at most n rings in the sense of Definition 3.1
with disjoint interiors and such that = Uger, R, j = 1,2.

We denote by U the set of all maximal compact connected subsets U of €2 obtain
by intersecting all rings from R and Ry with the property U° = U (the closure of
the interior of U is U). Here U being maximal means that it is not contained in
another such set.

Observe first that each U € U is obtained from the intersection of exactly two
rings R € Ry and R” € R,, and is a subset of Q with polygonal boundary 0U
consisting of < 2Ny line segments (edges). Secondly, the sets in I have disjoint
interiors and Q = Uy U.

It is easy to see that there exists a constant ¢ > 0 such that

(3.14) #U < cn.

Indeed, each U € U is obtain by intersecting two rings, say, R’ € R; and R” € Rs.
If |R'| < |R"|, we associate R’ to U, and if |R'| > |R"| we associate R" to U.
However, because of condition (b) in Definition 3.1 every ring R from R or Ra can
be intersected by only finitely many, say, N* rings from Ro or R, respectively, of
area > |R|. Here N* depends only on the structural constants Ny and c¢g. Also,
the intersection of any two rings may have only finitely many, say N**, connected
components. Therefore, every ring R € R; U R, can be associated to only N* N**
sets U € U, which implies (3.14) with ¢ = 2N*N**.

Example 3.2 clearly indicates that our main problem will be in dealing with sets
U € U or parts of them with diam? much larger than their area. To overcome the
problem with these sets we shall subdivide each of them using the following

Construction of good triangles. According to Definition 3.1, each segment E
from the boundary of every ring R € R; can be subdivided into the union of at
most two segments Fy, Fy (E = E; U E5) with disjoint interiors such that there
exist triangles Ay with a side E; and adjacent to E; angles of size § > 0 and A,
with a side Fy and adjacent to Ey angles 8 such that Ay C R, £ = 1,2. We now
associate with A; the triangle Al C /Ay with one side E; and adjacent to Fy angles
of size §/2; just in the same way we construct the triangle Ay C Ay with a side Fs.
We proceed in the same way for each edge E from OR, R € R, j = 1,2. We denote
by Tg the set of all triangles Ay, A, associated in the above manner with all edges
E from OR. We shall call the triangles from Tr the good triangles associated with
R. Observe that due to A1, Ay C R for the triangles from above it readily follows
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that the good triangles associated with R (R € R, j = 1,2) have disjoint interiors;
this was the purpose of the above construction.

FIGURE 2. The ring from Figure 1 with good triangles (angles = 3/2).

From now on for every segment E from OR that has been subdivided into E;
and E, as above we shall consider E; and Es as segments from JR in place of E.
We denote by Er the set of all (new) segments from OR. We now associate with
each E € Eg the good triangle which has F as a side and denote it by Ag.

To summarize, we have subdivided the boundary OR of each ring R € Rj,
j = 1,2, into a set g of segments with disjoint interiors (OR = Ugeg, F) and
associated with each E € £ a good triangle A C R such that E is a side of
Ag and the triangles {Ag}peg, have disjoint interiors. In addition, if E' C E is
a subsegment of E, then we associate with E’ the triangle Ag: C Ag with one
side E' and the other two sides parallel to the respective sides of Ag; hence Ag/
is similar to Ag. We shall call Ag/ a good triangle as well.

Subdivision of the sets from U. We next subdivide each set U € U by using the
good triangles constructed above. Suppose U € U is obtained from the intersection
of rings R’ € R1 and R” € Ry. Then the boundary OU of U consists of two sets of
segments &£, and &[}, where each E € &[; is a segment or subsegment of a segment
from Ep and each E € & is a segment or subsegment of a segment from Eg:.
Clearly, OU = Ugeg; ugy EF and the segments from &L U &} have disjoint interiors.
For each E € &, U &} we denote by Ag the good triangle with a side E, defined
above.

Consider the collection of all sets of the form Ap, N Ag, with the properties:

(a) Ey €&y, Es € Eyn.

(b) There exists an isosceles trapezoid or an isosceles triangle T C Ag, N Ag,
such that its two legs (of equal length) are contained in E; and Es, respectively,
and its height is not smaller than its larger base. We assume that 7' is a maximal
isosceles trapezoid (or triangle) with these properties. Observe that it may happen
that there are no trapezoids like this.

We denote by Ty the set of all trapezoids as above. We also denote by Ay
the set of all maximal compact connected subsets A of U \ Urey;, T°. Clearly,
U =Urer,; T Usea, A and the sets in Ty U Ay have disjoint interiors.

The following lemma will be instrumental for the rest of this proof.
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Lemma 3.6. There exist constants ¢ > 1 and p* > 0 depending only on Ny, co,
and 3, such that if A € Ay for some U € U, then d(A)? < c*|A|, and there exists
a triangle A C A whose minimum angle is > B* such that |A| < c*|A|.

Proof. There are several cases to be considered, depending on the shapes of U
and A. Since in each case the argument will be geometric we shall illustrate the
geometry involved in a number of figures.

Case 1. Let U be the closure of a connected subset of Q1 \ Qo, where Qp, Q1

are convex polygonal sets just as in Definition 3.1. This may happen if rings Ry,
R of the form Ry = Qo \ Qo and Ry = Q1 \ Q1 intersect as illustrated in Figure 3.

FIGURE 3. One configuration for U = Q1 \ Qo.

Denote vy := 0U N 0Qp and v; := AU N JQ1. Thus 7y is the “inner” part of
the boundary QU of U, which is a subset of dQg, and ~; is the “outer” part of
OU, which is a subset of 0Q;. The polygons ~y and v, may have two points of
intersection, one point of intersection or none. With no loss of generality we shall
assume that 79 and 7; have two points of intersection just as in Figure 3.

Each 7y and 7; is a polygon consisting of no more than Ny segments. For any such
segment E' we denote by Ag the good triangle with a side E whose construction is
described above. The set U with its good triangles is displayed in Figure 4.

FIGURE 4. The set U with the good triangles associated to it.
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Let Ey C o and E7 C 7o be two edges of vy such that Ag, ¢ U, Ag, ¢ U, and
either Ey and F; have a common end point, say v or Fy and F; are connected by
a chain of segments I1,..., I, I; C v, such that Ay, C U, j=1,...,m. Denote
by vg the common end point of Ey and I, and by v; the common end point of F;
and I,,,. See Figure 5 below

FIGURE 5. The case m > 1

Let Ey C v and By C 77 be edges of 4, such that Ap, ¢ U, Ap ¢ U, and
Ap, NAp, #0, Ap N Ap, # 0. Assume that there exist isosceles trapezoids
Ty C Ag, N AEO, Ty C A, N AEH’ and Ty, T are maximal. Let pq, p2, ps3, ps be
the vertices of Ty and q1, g2, g3, g4 be the vertices of T} as shown in Figure 5.

Let 79 be the part of vy enclosed by the points p; and g1, and let ; be the part
of «v1 between the points ps and ¢s.

Consider now the polygonal set A C U bounded by 19, 71 and the segments
[p1,p2] and [q1, g2]. We next show that

(3.15) d(A)? < c|A| for some constant ¢ > 0.

Indeed, since Qq, ()1 are convex sets with uniformly bounded eccentricities it is
easy to see that £(n;) < cl(no). Consider the case when Ey and E; are connected
by segments Iy,...,I,. Denote Iy := [p1,v] and Ay, := [p1,v0,p2] the triangle
with vertices pi,vo,p2. Also, denote I,41 := [v1,q1] and set A, = [v1,q1,q2]
Now, let jmax := arg maxo<j<mi1|Ar |- Then

d(A)? < cmax{€(no), £(m)}* < cl(no)? < c|I; < | D] < A

|2
max max

as claimed. Here Aj is the triangle whose existence is claimed in Lemma 3.6.
Just as above we establish estimate (3.15) for a set A as above where the roles

of 79 and ~; are interchanged.

Case 2. Let U be the closure of the Qo N Q1, where Qq, )1 are convex polygonal
sets as in Figure 6.
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Qo

FIGURE 6. One configuration for U = Qg N Q1.

Then QU consists of two polygonal curves vy and 7; with two points of intersec-
tion, each having no more than Ny segments. The argument is now simpler than
the one in Case 1.

Case 3. It may also happen that we have a situation just as in Case 1, where
in addition the set Q; intersects Q1 \ Qo (see Figure 3) or the situation is as in
Case 2, where Qg or Q; or both Qg and Q) intersect Qo N Q; (see Figure 6). We
only consider in detail the first scenario, the second one is similar.

With the notation from Case 1, let Q1 \ Qo # 0 and assume that Q; intersects
Q1 \ Qo. Let U be the closure of a connected subset of Q1 \ (Qo U Q1). Then U is
subdivided by applying the procedure described above.

Several subcases are to be considered here.

Case 3 (a). If Ql and the good triangles attached to Ql are contained in some
set A € Ay from Case 1, then apparently |A| < ¢|A \ Q1| and hence

d(A)? < c|A| < c|lA\ Q1|

FIGURE 7. The case when Ql C U and Ql is close to vp.

Case 3 (b). The most dangerous situation is when Q; is contained in U and
an edge of Q; is located close to the inner part vy of U as shown in Figure 7.
However, in this situation a good triangle attached to Q7 would intersect o (see
Figure 7) and would create a trapezoid in Ty .
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The set Q7 may intersect Q1 \ Qo in various other ways. The point is that
after subtracting from U the trapezoids T' € Ty constructed above the remaining
connected components A € Ay cannot be uncontrollably elongated. We omit the
further details.

Also, an important point is that by construction Ql cannot intersect any trape-
zoid from Ty. O

In what follows we shall need the following obvious property of the trapezoids
from T.

Property 3.7. There exists a constant 0 < ¢ < 1 such that if L = [vy,v] is one
of the legs of a trapezoid T' € T and T' C Apg, N Ag, (see the construction of
trapezoids), then for any z € L with |z — v;| > p, j = 1,2, for some p > 0 we
have B(z,ép) C Ag, U Ag,. Moreover, if D = [v1,vs] is one of the bases of the
trapezoid T, then for any € D with |x —v;| > p, j = 1,2, for some p > 0 we have
B(ZE,ép) C AEl N AET

Let A := Upey Ay and T := UpyeyTy. We have Q = UyeaA Urer T and,
clearly, the sets in AUT have disjoint interiors. From these we obtain the following
representation of Sy(x) — Sa(x) for € @ which is not on any of the edges:

(3.16) S1(z) — Sa(z) = Z caly(x) + Z erly(z),
AcA TeT
where ¢4 and ¢ are constants.
For future reference, we note that

(3.17) #A<cen and #T <cn.

These estimates follow readily by (3.14) and the fact that the number of edges of
each U € U is < 2Np.

Let 0 < s/2 < 1/p and assume 7 < 1. Fix ¢t > 0 and let h € R? with norm
|h| <t. Write v := |h|~'h and assume v =: (cosf,sinf), -7 < § < .

We shall frequently use the following obvious identities: If S is a constant on
a measurable set G C R? and H C G (H measurable), then

(3.18) IS L@y = IGIM 7S] oy = G121l o)
and
(3.19) IS L-cery = (HI/IGDY IS - (co)-

We next estimate |AnS1|7- () = [[AnS2[[7- () for different subsets G of €.

Case 1. Let T € T be such that d(T") > 2¢/¢ with ¢ the constant from Property 3.7.
Denote

Ty :={z€Q:[z,x+h CQ and [z,z+h|NT #0}.
We now estimate [|[ApS1|7- (7, ) = [ArS2/|7- (1,

We may assume that 7" is an isosceles trapezoid contained in Ag, N Ag,, where
Ag, (j =1,2) is a good triangle for a ring R; € R;, and T' is positioned so that
its vertices are the points:

v = (761/2,0), Vo 1= ((‘51/2,0)7 V3 (= (52/2,H), Vg4 = (762/2,FI)7

where 0 < § < §; and H > 0;. Let Ly := [v1,v4] and Lo := [vg, v3] be the two
equal (long) legs of T. We assume that Ly C F; and Ly C E;. We denote by
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D = [v1,v9] and Ds := [v3,v4] the two bases of T. Set Vr := {vy,va,v3,v4}. See
Figure 8 below.

FIGURE 8. A trapezoid T.

Furthermore, let v < 7/2 be the angle between D; and L; and assume that
v =: (cosf,sinf) with 6 € [y,n]. The case § € [—,0] is just the same. The case
when 6 € [0,~] U [—m, —7] is considered similarly.
Denote B, := B(v,2t/¢), v € Vr,
A i={AeA:d(A) >t and AN(T+ B(0,t)) #0},
A :={AeA:d(A) <t and AN(T+B(0,t)#0}
and
Tt ={T' €T :d(T") >2t/¢ and T N (T + B(0,t)) # 0},
Th={T' eT:dT')<2t/¢ and T N(T+ B(0,1)) # 0}.
Case 1 (a). If [x,x + h] € Ag , then ApS;(x) = 0 because S is a constant on
Ag,. Hence no estimate is needed.
Case 1 (b). If [z,x + h] C Uyey, By, we estimate |ApSy(x)| using the obvious
inequality
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Clearly, the contribution of this case to estimating || A5 ||ET(T}L) —|ARS2||7 - (T 18

<c Z Z 51 — SQ”ET(BUQA) tc Z Z 151 — S2H7L—T(B1,OT’)

vEVT A€ AL, veVr T'eT}
vey D ISt =Saliemaa te Y, D 18— Salli s,
veVr Ael, veVr T/ et
< 3 A8 - Sallfaiay + D AT S = Sall e
A€AL, TETH
+ ) ed(A)1S1 = SallTocay + Y cd(T)CIS1 = Sall Lo r)-
Aeu, T'ext,

Here we used these estimates, obtained using Lemma 3.6 and (3.18) or/and (3.19):
(1) If A e A% and v € Vr, then

151 = Sallzr(B,na) = (IBul/[ADIIST = Sall7-(a)
< ct?d(A) 7|81 = SallT-(a) < ct?d(A) 721 = S2l| Lo a)-

(2) I T" € T} and 6, (T") > 2t/¢ with 6;(T”) being the maximal base of T”, then
for any v € Vr we have

151 = 827,017y = (IBol/IT'DIIS1 = Sall gy < et T2 71181 = Sall oz
< Ct261(T/)'rs/Qfld(T/)'rs/Qfl”Sl _ SQH‘II—,P(T/)
< Ct1+TS/2d(T/)TS/271HSl _ SQ||EP(T/)7

where we used that 7s/2 < 1, which is equivalent to s < s+ 2/p.
(3) If T" € T4 and 6, (T") < 2t/¢, then for any v € Vp

181 = Selfr gy = (Bo VT T DIS1 = S50

1B, O[T 81— Sall Ty

8 ()50 (T)A(T)*/> 7181 — Sall
8y (1) 2d(T'Y 7|81 — Sall

< ctHTS2q(T /2|8y — SQ”EP(T’)'

IN

(4) If A e A%, then
181 = Sale(m,na) < 151 = 2l < AT 281 = Sallfca)
< cd(A)™81 = Sal| T a)-
(5) If T’ € T, then
(321) 151 = Sallir pury < 11— Sallf oy < T 7281 = Sall o
<cd(T) 181 = S2ll T ()

Case 1 (¢). If [x,x + h] € Uyeyy By and [z, x + h] intersects Dy or Da, then
01 > 2t/¢ > 2t or §3 > 2t and hence [z,x + h] C Ag, N Ag,, which implies
ARS1(z) = 0. No estimate is needed.

Case 1 (d). Let I’ be the set defined by
(3.22) Iy :={z €T :z is between Ly and Ly + e} \ (B(v1,t/¢) U B(v4,t/¢)),
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where € := (01 — d2)M 1, e1 := (1,0), and M := |L1| = |La|. Set Jh := It 40, h).
See Figure 8.
In this case we use again (3.20) to estimate |ApSi(x)|. We obtain

[ARSIIL- 12y < [ARS2lL- (1) + 1151 = SallZ- (12
+ D 18 = Selliemnay + D 151 = SallT(pray
A€ AL, Ae,
Clearly, |I%] < ¢t61(T) and |T| ~ 61(T)d(T). Then using (3.18)-(3.19) we infer
181 = Sall7- 7y = (LPI/ITDISt = S2ll7- () < ctd(T) ™Sy = SallZ- (7
= ctd(T)~HT|™"2||S1 = Sallfo(r) < ctd(T)™ 1St — S2 Loz
Similarly, for A € A% we use that |J2: N A| < ctd(A) and |A] ~ d(A)? to obtain
151 = 82117 (ynray < ctd(A)IS1 = Sallfoe ) = ctd(A)| AT /P[[S1 = Sallpoa)
< ctd(A)'2P||Sy = SallTp(ay < ctd(A)THISY = SallTo(a)-
For A € 2%, we have
151 = SallZr(gpnay < 1151 = Salli-(ay = |A[7/2)1 8 — SallZr(a)
< cd(A)7|[S1 = 2|7 (a)-
Putting the above estimates together we get
ARSI ey < 1ARS2I T 12y + ctd(T) 7Sy = Sal| 7o 1)
+ Y etd(A) TSy = ol Ty + Y cd(A)]S1 — SallTaay-
Ae AL Aeu,
Case 1 (e) (Main). Let T} C T} be defined by
(3.23) Ty ={z €Ty : [z, e +hNL #0, 2 &I [z,2+h] ¢ U B,}.
vEVT
We next estimate ||A’;;Sl||2,(T}:).
Recall that by assumption h = |h|v with v =: (cos8,sin ) and 6 € [y, 7], where
v < m/2 is the angle between D; and L.
Let z € Tf. With the notation x = (21, z2) we let (—a, x2) € L and (a,z2) € Lo,
a > 0, be the points of intersection of the horizontal line through = with L; and
L. Set b:=2a — ¢ with € := (6; — d2) M ¢, see (3.22).
We associate the points z+be; and z+bey+h to x and x+h. A simple geometric
argument shows that « + bey € Ag, \ T, while z + be; + h € T°.
Now, using that S; = constant on A, we have S1(z) = Si(z + be1) and since

Sy = constant on Ay we have So(x 4+ h) = Sa(x + be; + h). We use these two
identities to obtain

Si(x 4+ h) — S1(x) = Sa(z + bey + h) — Sa(x + beq)
+ [S1(z 4+ h) — Se(z+ h)] — [S1(x + ber) — So(x + beq))
and, therefore,
(3.24) |ARS1(z)] < |ARS2(x + beq)|
+|S1(z + h) — Sz (x + h)| + |S1(z + ber) — Sa(z + bey)|.
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Some words of explanation are in order here. The purpose of the set I%. is that there
is one-to-one correspondence between pairs of points x € T°\ I%, z + h € Ag, \ T
and z +bey € Ag, \T, x+bey +h € T°. Due to d2 < d1, this would not be true if
It was not removed from 7°. Thus there is one-to-one correspondence between the
differences |ApS1(x)| and |ApSa(z + bey)| in the case under consideration. Also, it
is important that ApSi(z + be;) = 0 and hence |Ap Sy (x + bey)| need not be used
to estimate |ApS1(z + bey)|.

Another important point here is that z+h € T° and z+be; &€ T°. Therefore, no
quantities |S(z) — Sa(x)| with x € T° \ I} are involved in (3.24), which is critical.

Observe that for € T} we have

[2,2+h] ¢ U B, and hence [v+bey,x+bey+h] ¢ U By.
vEVr vevr

Therefore, by Property 3.7 it follows that [z, z + h] and [z + bey, x + bey + h] do not
intersect any trapezoid T" € T, T' # T.
Let T}* :={x +bey : ¢ € T} }. For any A € A and ¢ > 0 define

(3.25) A = {x € A: dist(z,04) < t}.

From all of the above we get

ARSI () < NARS2N L7 (1) + Z 181 = S2ll7-(a,) + Z 151 = S2l|7- (-

Aec AL Aef,
Now, using that |A;| < ctd(A) and |A| ~ d(A)? for A € AL, we obtain
(3.26) 151 = S2ll 74,y = ([Al/IADIAI™/2]|S1 = S2| 704

< ctd(A) St = Sl 7o ay:
For A € 2% we use that |A| ~ d(A)? and obtain
(327) (151 = Sall7-(ay = [AI™2(1S0 = Sall 7oy < cd(A)7]1S1 = S2lToa)-
Inserting these estimates above we get

(3.28) [ ARSUIT- (1) < 1 A0SallTr(zsey + D ctd(A)™* ISy = S2lToay
Ac AL

+ Y cd(A)(IS1 = S 7o a)-
Aef,

Case 2. Let Qj be the set of all z € Q such that [z, z+h] C Q and [z, z+h]NT =0
for all T € T with d(T) > 2t/é. To estimate |Ay Sy ()| we use again (3.20). With
the notation from (3.25) we get

[ARSIIZ- () < [ARS2lL- sy + Z 151 = S2l|7- (1
TeT d(T)<2t/e

+ Y IS = Selliray + YL IS = SallTea
A€ A:d(A)>t AcA:d(A)<t

For the first sum above we have just as in (3.21)

> 151 = SallZ-(r) < > cd(T)™ |51 = Sal| Lo (1)

TeT:d(T)<2t/é TeT:d(T)<2t/¢
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We estimate the other two sums as in (3.26) and (3.27). We obtain

[ARSIIE-0p) < 1ARS2IIT () + > adT))S1 = Salliwry
TET:d(T)<2t/é

Y d TS = STyt Y ed(A)S1— Sel T
AcA:d(A)>t AcA:d(A)<t

It is an important observation that each trapezoid T' € T with d(T) > 2t/¢
may share trapezoids 77 € T4 and sets A € 2%, with only finitely many trapezoids
with the same properties. Also, for every such trapezoid T we have #7 < ¢ and
# AL < ¢ with ¢ > 0 a constant depending only on the structural constants of the
setting. Therefore, in the above estimates only finitely many norms may overlap at
a time. Putting all of them together we obtain

wl(Slat): S (dl(SQ,t): + Yl + Y27

where
Y, = Z ctd(A)™*Y| S — SallZr(a)
A€ A:d(A)>t
+ Y ?d(A)T?S) = SalTea
AcA:d(A)>t
+ Z cd(A)7*(|S1 — Sa[7(a)
AcA:d(A)<t
and
Y, = Z ctd(T)™* 1| Sy — Sallze(ry

TET:d(T)>2t/é

+ > e TRAT) S - S|y
TeT:d(T)>2t/¢

+ ) d))S1 — Sell Doy
TeT:d(T)<2t/é

We now turn to the estimation of |S;|ps. Using the above and interchanging the
order of integration and summation we get

o0
815 = / 5y (81, 0)7dt < |Salfe + Z1 + Zo,
0
where

d(A)
Zl = Z Cd(A)T871‘|Sl - SQ”EP(A)/ tiTsdt
AeA 0

d(A)
3 (A1 — SalTaca / st gy
AcA 0

37 ed(A)1S: - ST / g
AeA d(4)
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and

ed(T) /2
7= 3 ed(T) 81 = Sl / st
TeT 0

ed(T)/2
+ Z Cd(T)TS/271H51 _ SQ”EP(T)/O TS24

TeT
ST ed(T) 1) = a5 / =51y,
7; @ Jeacry 2

Observe that —7s > —1 is equivalent to s/2 < 1/p, which is one of the assumptions,
and —7s/2 > —1 is equivalent to s < s+ 2/p, which is obvious. Therefore, all of
the above integrals are convergent, and we obtain

15115 < [S2lps + > cllS1 = SallToiay + D €llS1 = Sall7wry-
AcA TET

Finally, applying Holder’s inequality and using (3.17) we arrive at

T T— T/p
1[5, < 1S5l +c(#A) ™ (30181 - Sallh )
AcA
T T— T/p
+ C(#T) (1/ 1/?)( Z HSl - S2||ip(T))

TeT
S CnT(l/T—l/P)HSl _ SQHZP(Q) = chs/ZHSl — SQHEP(Q)

This confirms estimate (3.10). The proof in the case when 7 > 1 is the same. [
The proof of Theorem 3.4 is easier than the above proof. We omit it.

4. NONLINEAR APPROXIMATION FROM SMOOTH SPLINES

In this section we focus on Bernstein estimates in nonlinear approximation in
LP, 0 < p < o0, from regular nonnested smooth piecewise polynomial functions
2
in R-.

4.1. Setting and approximation tool. We first introduce the class of regular
piecewise polynomials S(n, k) of degree k — 1 with k > 2 over n rings of maximum
smoothness. As in §3 we introduce two versions of this class depending on whether
Q is compact or Q = R2.

Case 1: Q2 is a compact polygonal domain in R?2. We denote by S(n, k) (n > ng)
the set of all piecewise polynomials S of the form

(4.1) S=> Pilg, SeWr2Q), Pjell,
j=1
where Rq, ..., R, are rings in the sense of Definition 3.1 with disjoint interiors such

that © = Uj_, R;. Here IIj;, stands for the set of all polynomials of degree < k in
two variables and S € W*~2(Q) means that all partial derivatives 9*S € C(Q),
lal <k —2.

Case 2: Q = R2. In this case we denote by S(n,k) the set of all piecewise
polynomials S of degree k — 1 on R? of the form (3.2), where Ry, ..., R, are rings
with disjoint interiors such that the support A = U7_; R; of S is a ring in the sense
of Definition 3.1.
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We denote by S¥(f), the best approximation of f € LP(Q) from S(n,k) in
LP(Q2), 0 < p < o0, i.e.

4.2 SE(f)p:= inf — S|z

(42) K= inf = Sl

Remark. Observe that in our setting the splines are of maximum smoothness and
this is critical for our development. As will be shown in Example 4.4 below in
the nonnested case our Bernstein type inequality is not valid in the case when the
smoothness of the splines is not maximal.

We next consider several scenarios for constructing of regular piecewise polyno-
mials of maximum smoothness:

Example 1. Suppose that 7q is an initial subdivision of €2 into triangles which
obey the minimum angle condition and is with no hanging vertices in the interior
of Q. In the case of Q = R? we assume for simplicity that the triangles A € T
are of similar areas, i.e. ¢ < |A1|/|Q2| < ¢g for any A1, Ay € To. Next we
subdivide each triangle A € Ty into 4 triangles by introducing the mid points on
the sides of A. The result is a triangulation 77 of Q. In the same way we define the
triangulations 73, T3, etc. Each triangulation 7; supports Courant hat functions
(linear finite elements) g, each of them supported on the union 6 of all triangles
from 7; which have a common vertex, say, v. Thus @g(v) =1, @g takes values zero
at all other vertices of triangles from 7}, and ¢y is continuous and piecewise linear
over the triangles from 7;. Clearly, each piecewise liner function over the triangles
from 7T; can be represented as a linear combination of Courant hat functions like
these.

Denote by ©; the set of all supports ¢ of Courant elements supported by 7; and
set © := U;>00;. Consider the nonlinear set S,, of all piecewise linear functions S

of the form
S = Z CoPe,
6CM,,

where M,, C © and #M,, < n; the elements § € M, may come from different
levels and locations. It is not hard to see that S,, C S(cn,2), see [4].

Ezample 2. More generally, one can consider piecewise linear functions S of the

form
S = Z CoPe,
0CM,,

where {¢p} are Courant hat functions as above, #M,, < n, and M,, consists of
cells § as above that are not necessarily induced by a hierarchical collection of
triangulations of €2, however, there exists a underlying subdivision of € into rings
obeying the conditions from §3.1.

Example 3. The C' quadratic box-splines on the four-directional mesh (the
so called “Powell-Zwart finite elements”) and the piecewise cubics in R? or on a
rectangular domain, endowed with the Powell-Sabin triangulation generated by
a uniform 6-direction mesh provide examples of quadratic and cubic splines of
maximum smoothness.

Other examples are to be identified or developed.
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Splines with defect. To make the difference between approximation from nonnested
and nested splines more transparent and for future references we now introduce the
splines with arbitrary smoothness. Given a set Q C R? with polygonal boundary
or :=R? k>2 and 0 <r < k— 2, we denote by S(n,k,7) (n > ng) the set of
all piecewise polynomials S of the form

(4.3) S=> Pilg, SeW'(Q), Pjell,
j=1
where Ry, ..., R, are rings with disjoint interiors such that 2 = U7_; R;. We set

k,r . _
(44) St (= duf UF = Sller.

4.2. Jackson estimate. Jackson estimates in spline approximation are relatively
easy to prove. Such estimates (also in anisotropic settings) are established in [2,
4]. For example the Jackson estimate we need in the case of approximation from
piecewise linear functions (k = 2) follows by [4, Theorem 3.6] and takes the form:

Theorem 4.1. Let 0 < p < 00, s > 0, and 1/7 = s/2+ 1/p. Assume Q = R? or
Q C R? is a compact set with polygonal boundary and initial triangulation consisting
of ng triangles with no hanging interior vertices and obeying the minimum angle
condition. Then for any f € B2 we have f € LP() and

(4.5) Su(f)p < en”*|f

B2 M > ny.

Consequently, for any f € LP(Q)

(46) S2(f)p < K (F,n~"/), 12 no.

Here K(f,t) = K(f,t; LP, B?) is the K -functional defined in (3.6) and ¢ > 0 is a

constant depending only on s,p, and the structural constants of the setting.

Similar Jackson and direct estimates for nonlinear approximation from splines of
degrees 2 and higher and of maximum smoothness do not follow automatically from
the results in [2]. The reason being the fact that the basis functions for splines of
degree 2 and 3 that we are familiar with are not stable. The stability is required in
[2]. The problem for establishing Jackson estimates for approximation from splines
of degree 2 and higher of maximum smoothness remains open.

4.3. Bernstein estimate in the nonnested case. We come now to one of the
main result of this article. Here we operate in the setting described above in §4.1.

Theorem 4.2. Let0 <p<oo,k>1,0<s/2<k—1+1/p, and1/7 =s/2+1/p.
Then for any S1,S2 € S(n, k), n > ng, we have

(4.7) |51
(4.8) |51

por <192l gan +en®?(|S1 = Solle, if T>1, and

;:,k <15y

Ter+en™?|S1 — S5 T,, if T<1.

where the constant ¢ > 0 depends only on s, p, k, and the structural constants of the
setting.

An immediate consequence of this theorem is the inverse estimate given in
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Corollary 4.3. Let0 <p< o0, k>1,0<s/2<k—1+1/p, and1/7 =5s/2+1/p.
Set A ;= min{r,1}. Then for any f € LP(Q) we have
—s/2 —s/2 - 1 s/2 gk A A /A
(49) K7 <en™ (30 S[ePSE +IR) L nzne.
f:no
Here K(f,t) = K(f,t; LP, B2) is the K -functional defined just as in (3.6) and ¢ > 0
i a constant depending only on s,p, k, and the structural constants of the setting.

The proof of this corollary is just a repetition of the proof of Theorem 3.5. We
omit it.

In turn, estimates (4.6) and (4.9) imply a characterization of the approxima-
tion spaces associated with nonlinear nonnested piecewise linear approximation,
see (1.7).

The proof of Theorem 4.2 relies on the idea we used in the proof of Theorem 3.3.
However, there is an important complication to overcome. The fact that many
rings with relatively small supports can be located next to a large ring is a major
obstacle in implementing this idea in the case of smooth splines. An additional
construction is needed. To make the proof more accessible, we shall proceed in two
steps. We first develop the needed additional construction and implement it in §4.4
to prove the respective Bernstein estimate in the nested case and then we present
the proof of Theorem 4.2 in §4.5.

Before we proceed with the proofs of the Bernstein estimates we show in the
next example that the assumption that in our setting the splines are of maximum
smoothness is essential.

Example 4.4. We now show that estimates (4.7)-(4.8) fail without the assumption
that S1,S> € W*=2(Q) (i.e., both splines have maximum smoothness). We shall
only consider the case when £k = 2 and 7 < 1. Let Q = [-1,1] x [0,1] and
0<e<1/4. Set

Si(z) = xl]l[o,l}z(x), Sa(z) = 11 1y%[0,1] (), == (x1,x2).

Clearly, S7 is continuous on 2, while Sy is discontinuous along x7 = . A straight-
forward calculation shows that

271 t
(110) (81,07 = 2 and wa(S5,07 = / w+e|Tdw for 0<t<1/4d.
T —t
Further,
t
1
(4.11) / lw+e|"dw = ——[(t + &) +sign(t — )|t — e|7T].
¢ T+1
On the other hand, obviously wa(S1 — Sa2,t)T < 4[|S1 — S2||7. < 4e™ ! yielding
(4.12) wo(S2, 1) > wy(Sy, )T — 4™,
We shall use this estimate for ¢ > 1/4. From (2.1) and (4.10)-(4.12) we obtain
T T 1 : —s7—1 T+1 T+1 T+1
‘52|Bf’2 —‘Sl Bf.'Z > 7_7_’_1[/0 t [(t-i-{-?) —(€—t) — 2t ]dt

1/4 0o
+/ ST e+ )T 4 (E—e)TH — 2t7+1]dt} — 4€T+1/ t=5 7Lt
€ 1/4
= Il + Ig - (4ST+1/ST)€T+1.
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Substituting ¢ = eu in I; and Iy, we get

eT—5T+1 1 1/4e
L +1= i [/o uiST*l(bl(u)du—F/l u” T g (u)dul|,
where
f1(u) = (1+u)™ = (1 — )7 —2u*!
and

da(u) = (14 u)™ ™ + (u—1)7T — 247
We clearly have ¢1 > 0 on [0,1] and ¢2 > 0 on [1,00). Therefore,

‘SQ 7]'3::72 o |Sl ;?2 2 0157787+1 o CO€T+1 _ ET*ST+1(01 o 60€ST),
where
1 1
cLi= 1/ 77 gy (u)du >0 and cp =47 /s
T 0
By taking e sufficiently small, we get
(4.13) 92| o2 — |S1] 02 > (€1/2)e™ 7
Evidently,
(4.14) 1S5 — S||e < eFL/P.
By (4.13) and (4.14),
‘52 ;3,2 - ‘Sl ;s,z
T s 2 l—st—7/p _ 92 757/2.
HSQ — Sl”zp el (Cl/ )8 (Cl/ )5
Since e757/2 — 00 as & — 0, estimate (4.8) cannot hold.

4.4. Bernstein estimate in the nested case. We next prove a Bernstein esti-
mate which yields an inverse estimate in the case of nested spline approximation.

Theorem 4.5. Let 0 < p < o0, k>2,0<r<k—-2,0<s/2<r+1/p, and
1/7 =s/2+41/p. Then for any S € S(n,k,r), n > ng, we have

(4.15) S| gew < en®’?|[S|| Lo,

where the constant ¢ > 0 depends only on s,p,k,r, and the structural constant of
our setting.

Additional subdivision of €. Situations where there are many small rings lo-
cated next to a large ring create problems. To be able to deal with such cases we
shall additionally subdivide 2 in two steps.

Subdivision of all rings R € R,, into nested hierarchies of rings.

Lemma 4.6. There exists a subdivision of every ring R € R,, into a nested multi-
level collection of rings
KR = Uz, KR

with the following properties, where we use the abbreviated notation K., == KE :

(a) Every level IC,y, defines a partition of R into rings with disjoint interiors such
that R = Ugek,, K.

(b) The levels {Km}tm>my are nested, i.e. K1 is a refinement of Ky, and
each K € K., has at least 4 and at most M children in K,,41, where M > 4 is a
constant.

(¢) |R| < c1|K| for all K € Ky, .
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(d) We have
(4.16) 4T < K| <cpd™™, VK €K, Vm>mg.
As a consequence we have c3'4™™% < |R| < ¢34 and
(4.17) ;127" <d(K) <cy2™™, VK €K, Ym >mpg.

(e) All rings K € KT are rings without a hole, except for finitely many of them
in the case when R = Q1 \ Q2 and Q2 is small relative to Q1. Then the rings with
a hole form a chain R D K1 D Koy D - D K; D Qa. All sets K € K® are rings
in the sense of Definition 3.1 with structural constants (parameters) N§, cf, and
B*. These and the constants M and c1,ca,c3,cq > 0 from above depend only on the
initial structural constants Ny, cg, and 3.

Proof. Observe first that if we are in a setting as the one described in Scenario 1
from §4.1, then the needed subdivision is given by the hierarchy of triangulations
described there.

In the general case, let R = Q1 \ @2 be a ring in the sense of Definition 3.1, and
assume that Qs # (). We subdivide the polygonal convex set (J; into subrings by
connecting the center of eccentricity of Q1 with, say, 6 points from the boundary 0R
of R, preferably end points of segments on the boundary, so that the minimum angle
condition is obeyed. After that we subdivide the resulting rings using mid points
and connecting them with segments. Necessary adjustments are made around Qo
depending on the size and location of Q5. (I

Subdivision of all rings from R, into subrings with disjoint interiors. We first pick
up all rings from each K%, R € R,, see Lemma 4.6, that are needed to handle
situations where many small rings are located next to a large ring.

We shall only need the rings in /O that intersect the boundary R of R. Denote
the set all such rings by I' and set T := ' N KCF. We shall make use of the
tree structure in I'. More precisely, we shall use the parent-child relation in I'%
induced by the inclusion relation: Each ring K € I'E has (contains) at least 1 and
at most M children in I'? | and has a single parent in I'?_; or no parent.

We now construct a set A" of rings from I'® which will help prevent situations
where a ring may have many small neighbors.

Given R € R,,, we denote by R the set of all rings R € R, R # R, such that
RN R # 0 and d(R) < d(R). These are all rings from R,, that are small relative to
R and intersect R (are neighbors of R).

It will be convenient to introduce the following somewhat geometric terminology:
We say that a ring K € T'® can see R e RE or that R is in the range of K if
d(K) > d(R) and KN R #0.

We now construct A® by applying the following

Rule: We place K € T in A® if K can see some (at least one) rings from RE
but neither of the children of K in T'E can see all of them.

We now extend AZ to A® by adding to A® all same level neighbors of all K € A%,
ie. if K € Af and K € T'E  then we add to A® each K’ € TE such that K'NK # ().

The next step is to construct a subdivision of each R € R,, into rings by using
AE. We fix R € R,, and shall suppress the superscript R for the new sets that will
be introduced next and depend on R.

Let I' ¢ T'® be the minimal subtree of I'® that contains AR, ie. I is the set
of all K € T'® such that K D K’ for some K’ € A®. We denote by T, the set of
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all branching rings in I (rings with more than one child in T') and by F the set
of all children in T of branching rings (each of them may or may not belong to F)
Furthermore, we let T'; denote the set of all leaves in T (rings in I' containing no
other rings from T).

Evidently, I'y ¢ A®. However, rings from T’y and F may or may not belong to
AR, We extend A% to AR =ARUT, U F In addition, we add to AR all rings
from ICmR, if they are not there yet.

It is readily seen that each ring R € RE can be in the range of only finitely many

K €Ty, and each ring ReR, may have only finitely many neighbors R € R,, such
that d(R) > d(R). Therefore,

Z #f‘f < cn.

RER,
Obviously #T', < #T, #I, < M#T, < M#T,, implying #A% < #Ty + #I, <
c#Ty, and hence #A% < ¢ #T,. Putting these estimates together implies

(4.18) 3 AR <en,

ReR,

Observe that, with the exception of all branching rings in A%, by construction
every other ring K € A is either a leaf, and hence contains no other rings from
1~\R, or contains only one ring K " € AR of minimum level, i.e. K has one descendent
K’ in AR

We now make the final step in our construction: We denote by F7 the set of all
rings from '} along with all new rings of the form K \ K’, where K € T, K’ € A",
K’ C K and K’ is of minimum level with these properties. Set F := Uper, F 7.

The purpose of the above construction becomes clear from the the following

Lemma 4.7. The set F consists of rings in the sense of Definition 3.1 with pa-
rameters depending only on the structural constants No, co and B. Also, for any
R € R, the rings in FE have disjoint interiors, R = Ugcrr K, and #FF < c#AE.
Hence,

(4.19) Q= U U K and Z #F% < en.

ReER, KEFER ReR,

Most importantly, each ring K € F has only finitely many neighbors in F, that is,
there exists a constant N1 such that for any K € F there are at most Ny rings in
F intersecting K.

Proof. All properties of the newly constructed rings but the last one given in this
lemma follow readily from their construction.

To show that each ring K € F has only finitely many neighbors in F we shall
need the following technical

Lemma 4.8. Suppose K D K| D Ky, K € TF, K|, K, € AR, and both K; and
Ky share parts of an edge E of K located in the interior of R. Then there exists
K* € AR such that K* N K° =0, K*NE # 0, and K* is either a neighbor of K,
or Ko, or K* is a neighbor of the parent of K, in ',
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Proof. If K; € A", then by construction all same level neighbors of K, belong A%
and hence the one that shares the edge of K contained in E will be in AR, We
denote this ring by K* and apparently it has the claimed properties. By the same
token, if Ky € AT, then one of his neighbors will do the job.

Suppose K1, K, € AR \ A®. Then K; has a neighbor, say, K, that belongs to
AR and K is at the level of K;. If Kl has an edge contained in E, then K* := Kl
has the claimed property. Similarly, K5 has a neighbor Ko € AR at the level of K.
If K5 has an edge contained in E, then K* := K, will do the job.

Assume that neither of the above is true. Then since K7, K L ek they must
have the same parent in I'?® that has an edge contained in E. Denote this common
parent by K*. For the same reason, Ks, K, € TE have a common parent, say, K
in TR, Clearly, K* and K* have some edges contained in E. Also, K; C K?,
Ky C Kt and K N K = 0.

We claim that K* belongs to A®. Indeed, the rings from R, that are in the
range of K, are also in the range of K. Also, the rings from R, that are in the
range of K, are also in the range of K* However, obviously neither of the children
of K* can have the range of K*. Therefore, K* belongs to A®. Now, just as above
we conclude that one of the neighbors of K* has the claimed property. O

We are now prepared to show that each ring K € F has only finitely many
neighbors in F. By the construction any K € F®, R € R,,, has only finitely many
neighbors that do not belong to . Thus, it remains to show that it cannot happen
that there exist rings K1 C Ko C --- C K, Kj € A with J uncontrollably large
that have edges contained in an edge of a single ring K € A whose interior does
not intersect K, j = 1,...,J. But this assertion readily follows by Lemma 4.8. [

The following lemma will be instrumental in the proof of this theorem.

Lemma 4.9. Assume 0 < p,q < 00, k > 1,7 > 0, and v € R? with |v| = 1.
Let the sets G,H C R? be measurable, G C H, and such that there exist balls
Bi, By, B3, By, Bj = B(x;,r;), with the properties: By C G C By, 1 < ry, and
By CHCB;3,r3< cbm, where & > 1 is a constant. Then for any P € 1l

(4.20) IPllo(c) < e|GIYP7H 9P| Loy
(4.21) 1D, Pllorcy < cd(G) " [|PllLr(q),
and

(4.22) 1Pl Locy < c(IGI/H)YPI Pl ooy

where ¢ > 0 is a constant depending on p,q,k,r,¢", and the parameters Ny, co,
and B from Definition 3.1. Here D]S is the rth directional derivative of S in the
direction of v.

Furthermore, inequality (4.22) holds with @ and H replaced by their images L(G)
and L(H), where L is a nonsingular linear transformation of R?.

Proof. Inequality (4.20) holds whenever B, = B(0,1) and By = B(0,c¢,) with
¢, = constant by the fact that any two (quasi)norms on ITj are equivalent. This
implies that (4.20) is valid in the case when By = B(0,1) and By C Bj, where
B, = B(x2,¢,/2). Then (4.20), in general, follows by rescaling. Inequality (4.22) is
obvious when p = co. In general, it follows from the case p = co and application of
(4.20) to G with p and ¢ = co and to H with p = 00, ¢ = p. Inequality (4.21) is an
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easy consequence of the Markov inequality for univariate polynomials whenever G
is a square. Then in general it follows by inscribing B; in a smallest possible cube
and then applying it for the cube and using (4.22). The last claim in the lemma is
obvious. (]

Proof of Theorem 4.5. We shall only consider the case when Q C R? is a compact
polygonal domain. Let S € S(n, k,r) and suppose S is represented as in (4.1), that
is,

(4.23) S= Y Pplg, SeW'(Q), Pgell,
RER,

where R, is a collection of < n rings with disjoint interiors such that Q = Uger,, R.
We are now prepared to complete the proof of Theorem 4.5. From (4.23) and
because F is a refinement of R, it follows that S can be represented in the form

(4.24) S=Y Pxlg, SeW'(Q), Pgelk
KeF

Here F is the collection of at most cn rings from above with disjoint interiors such
that Q = UgerK.

We next introduce some convenient notation. For any ring K € F we denote
by Nk the set of all rings K’ € F such that K N K’ # (), £x will denote the set
of all segments (edges) from the boundary 0K of K, and Vi will be the set of all
vertices of the polygon 0K (end points of edges from k).

The fact that F consists of rings in the sense of Definition 3.1 implies the fol-
lowing

Property 4.10. There exists a constant 0 < ¢ < 1 such that if E = [v1,v9] is an
edge shared by two rings K, K’ € F then for any z € E with |z —v;| > p, j =1,2
for some p > 0 we have B(x,¢p) C K UK.

Fix t > 0. For each ring K € F we define
K; = {x € K : dist(z, 0K) < kt}.
Write Qt = UKEFKt-

Let h € R? with norm |h| < t and set v := |h|7'h. For S is a polynomial of
degree < k—1 on each K € F we have AFS(x) =0 for # € Uxcx K \ K;. Therefore,

(4.25) IAES ] Lr @) = 1A% Sl (0.)-

Let K € F and assume d(K) > 2kt/¢ with 0 < ¢ < 1 the constant from
Property 4.10. Denote N}, = {K' € Nk : d(K) > 2kt/¢}, B, := B(v,2kt/¢),
v € Vg, and

Ny :={K' € F:d(K') > 2kt/¢ and K' N (K + B(0,2kt/¢)) # 0}.

Observe that because d(K) > 2kt/¢ the number of rings in 9% is uniformly
bounded.

Let x € ©; be such that [z,z + kh] N K # (. Two cases are to be considered
here.

(a) Let [z, + kh] ¢ Uyep, By. Then [z, + kh] intersects some edge F € Ek
such that £(E) > 2kt/¢, and [z, x + kh] cannot intersect another edge E’ € £k with
this property or an edge E' € £k with £(E') < 2kt/é.
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Suppose that the edge F =: [v1,vs] is shared with K’ € F and y := EN[x, x+kh].
Evidently, |y—v,| > kt/¢, j = 1,2, and in light of Property 4.10 we have [z, z+kh] C
B(y,kt) C K UK'. Clearly,

(4.26) |AI;LS(.Z‘)| < CtrHD;SHLm([QE’erkh]) < CtTHD,CS”Loo(K) + CtTHD::SHLoo(K/).
(b) Let [z, + kh] C Upey, By. Then we estimate |AFS(x)]| trivially:

k
(4.27) |ARS(z)] < 25> [S(a + th))].

£=0

Using (4.26) - (4.27) we obtain

IARSIZ, 1y < e D tdENTIDLS| Fow (101

K'eN},
(4.28) +c Z Z 1S (Bynrn + € Z 1SN T (kcncrc+10,6R]))-
K/ent, veVi K" eF:d(K'") <2kt /&

Note that the number of rings K’ € MY such that K’ N B,, # () for some v € V is
uniformly bounded.
By Lemma 4.9 it follows that || D5S|| sy < cd(K')~"=2/?||S|| s (k) and if the
ring K’ € M, and v € Vg, then
SN+ (8, nxry < Bl /I DISIE- 5y < et® 1K THISIT 501y
< K| THTTYRIS| T ey < et d(K) TS Loy
We use the above estimates in (4.28) to obtain
||A§S||ET(IQ) <c Z t1+TTd(K/)1_TT_2T/pHS”EP(K’)
K'eNt
(4.29)

+c Z th(K’)”_QHSHEp(K,)—FC Z IS Zr (i 410, kR]))-
K'emt, K"eF:d(K")<2kt/¢

Denote by QF the set of all x € Q; such that [z,z + kh] C Q and
[, + kh] CU{K € F:d(K) < 2kt/c}.
In this case we shall use the obvious estimate

IARSIE- @) < ¢ > SN2 ()
KeF:d(K)<2kt/é
This estimate along with (4.29) yields

w(Str<e S TR TS|, g
KeF:d(K)>2kt/&

tc Z A(K) T2 Doy + ¢ Z 1S11Z7 (-
KeF:d(K)>2kt/ KeF:d(K)<2kt/c

Here we used the fact that only finitely many (uniformly bounded number) of the
rings involved in the above estimates may overlap at a time due to Lemma 4.7. For
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the norms involved in the last sum we use the estimate HS||2T(K) < cd(K)*T ||SH2P(K),
which follows by Lemma 4.9, to obtain

w(SOT<e Y AR TS| )

KeF:d(K)>2kt/é

+c > d(K) 2|18 Loy + € > d(K)* TSN e k)
KeF:d(K)>2kt/¢ KeF:d(K)<2kt/¢

We insert this estimate in (2.1) and interchange the order of integration and sum-
mation to obtain

e cd(K)/2k
;s,k :/ t_ST_lwk(S, t):dt <e Z d(K)l—rT—Q‘r/pHSHzp(K)/ $STET gt
’ 0 KeF 0

ed(K)/2k
e S A TS T / 7y
KeF 0

|S

o0

e d(K)ST||S||£p(K)/ =141,

Ker Gd(K) )2k

Observe that —s7 + r7 > —1 is equivalent to s/2 < r+1/p and —s7 +1 > —1is
equivalent to s < 2/7 = s+ 2/p. Therefore, the above integrals are convergent and
taking into account that 2 — 27/p — s7 = 27(1/7 — 1/p — s/2) = 0 we obtain

- T T/p TS T
e <€ 3 ISIE) < en™ (30 I8 UEy) = en™ IS e,
KeF KeF

|S

where we used Hélder’s inequality. This completes the proof. O

4.5. Proof of the Bernstein estimate (Theorem 4.2) in the nonnested case.
For the proof of Theorem 4.2 we combine ideas from the proofs of Theorem 3.3 and
Theorem 4.5. We shall adhere to a large extent to the notation introduced in the
proof of Theorem 3.3 in §3.3. An important distinction between this proof and the
proof of Theorem 3.3 is that the directional derivatives D¥~1S of any S € S(n, k)
are piecewise constants along the respective straight lines rather than S being a
piecewise constant.

We consider the case when Q C R? is a compact polygonal domain. Assume
51,82 € 8(n, k), n > ng. Then each S; (j = 1,2) can be represented in the form
S; = ZReRj Pr1R, where R; is a set of at most n rings in the sense of Definition 3.1
with disjoint interiors and such that Q = Uger, R, Pr € Il;, and S; € WF=2(Q).

Just as in the proof of Theorem 4.5 there exist subdivisions F7, F2 of the rings
from R, Ro with the following properties, for j = 1, 2:

(a) F; consists of rings in the sense of Definition 3.1 with parameters Ng, ¢,
and 0* depending only on the structural constants Ny, cg, and 5.

(b) URe}‘jR =Q and #F; < cn.

(c) There exists a constant N; such that for any R € F; there are at most N;
rings in F; intersecting R (R has < N neighbors in F;).

(d) S;j can be represented in the form S; = ZRG}'j Prlg with Pg € I1,.

Now, just as in the proof of Theorem 3.3 we denote by U the collection of all
maximal connected sets obtained by intersecting rings from F; and F». By (3.14)
there exists a constant ¢ > 0 such that #U < cn.
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We claim that there exists a constant Ny such that for any U € U there are no
more than Ns sets U’ € U which intersect U, i.e. U has at most Na neighbors in
U. Indeed, let U € U be a maximal connected component of Ry N Ry with Ry € F
and Rs € F,. Then using the fact that the ring R; has finitely many neighbors in
F1 and Ry has finitely many neighbors in F» we conclude that U has finitely many
neighbors in U.

Further, we introduce the sets A and 7 just as in the proof of Theorem 3.3.

Trapezoids. Our main concern will be in dealing with the trapezoids T' € 7. We
next use the fact that any ring from Fj, j = 1,2, has at most N; neighbors in F;
to additionally subdivide the trapezoids from 7 into trapezoids whose long sides
are sides of good triangles for rings in Fj or F».

Consider an arbitrary trapezoid T' € T. Just as in §3.3 we may assume that T
is a maximal isosceles trapezoid contained in Ap, N Ag,, where Ap, (j =1,2) is
a good triangle for a ring R; € F;, and 7' is positioned so that its vertices are the
points:

V1 = (761/2,0), Vg = ((‘51/2,0)7 V3 1= (52/2,H), Vg ‘= (762/2,[’[)7

where 0 < 02 < §; and H > 6;. Let Ly := [v1,v4] and Lo := [ve,v3] be the two
equal (long) legs of T. We assume that Ly C Fy and Ly C Ey. See Figure 8.

By Lemma 4.7 it follows that there exist less than Ny rings K, € Fi, £ =1,...,V/,
each of them with an edge or part of an edge contained in L;. By Definition 3.1,
each of them can be subdivided into at most two segments so that each of these is
a side of a good triangle. Denote by I, £ = 1,...,m’, these segments, and by AV
¢=1,...,m/, the respective good triangles attached to them. More precisely, I, is
a side of Ay, C K and Ay, is a good triangle for Kj. Thus we have L; = U;”:/IIZ,,
where the segments I}, { =1,...,m/, are with disjoint interiors.

Similarly, there exist segments I/, ¢ = 1,...,m”, and attached to them good
triangles Ay, £=1,... ,m”, for rings from F5, so that Ly = U?L:/;Ié’.

Denote by vy, £ =1,...,m’ + 1, the vertices of the triangles Ay, £ =1,...,m/,
on L' so that Ij = [v),v;, ] and assume that their orthogonal projections onto the
ry-axis pj, £ =1,...,m’ + 1, are ordered so that 0 = pj < ph <--- <p., = H.
Exactly in the same way we define the vertices v/, £ = 1,...,m" 41, of the triangles
Apy and their projections onto the wp-axis 0 = Py <py < <pha=H.

For any ¢ € [0, H] we let §(q) be the distance between the points where the line
with equation x5 = ¢ intersects L1 and L. Thus §(0) = é; and 6(H) = d2, and
d(q) is linear.

Inductively, starting from ¢; = 0 one can easily subdivide the interval [0, H] by
means of points

0= <@<- - <gny1=H, m<m+m’"<2N;

with the following properties, for £k =1, ..., m, either

(a) 0(aqr) < qr1 — qr < 20(qx)
or

(b) qk+1 — qx > 9(gr) and (gx, gx+1) contains no points pj, or py.

We use the above points to subdivide the trapezoid T. Let Ty, k = 1,...,m,
be the trapezoid bounded by L, Lo, and the lines with equations xo = ¢ and
T2 = qk+1-



NONLINEAR SPLINE APPROXIMATION 31

We now separate the “bad” from the “good” trapezoids Tj. Namely, if property
(a) from above is valid then T} is a ring and we place T} in A; if property (b) is
valid, then T} is a “bad” trapezoid and we place T} in 7. We apply the above
procedure to all trapezoids.

Properties of New Trapezoids. We now consider an arbitrary trapezoid T' from
the above defined T (the set of bad trapezoids). We next summarise the properties
of T. Tt will be convenient to us to use the same notation as above as well as in
the proof of Theorem 3.3. We assume that 7" is an isosceles trapezoid contained in
Ap, N Ag,, where Ag,, j = 1,2, is a good triangle for a ring R; € Fj, and T' is
positioned so that its vertices are the points:

v = (—01/2,0), v2:=(61/2,0), vs:=(02/2,H), vq:=(—62/2,H),

where 0 < 02 < §; and H > 6;. Let Ly := [v1,v4] and Lo := [ve,v3] be the two
equal (long) sides of T. We assume that L; C E; and Lo C F5. See Figure 8.

As aresult of the above subdivision procedure, there exists a triangle Ay, with a
side L; such that A, is a good triangle for some ring Ry € Fy and A7 NAE = 0.
For the same reason, there exists a triangle Ay, with a side Ly such that A, is a
good triangle for some ring Ry € F» and AL NAG, =10

Observe that Ap, and Ap, are good triangles and hence the angles of Ag,
adjacent to E; are of size 5*/2, j =1, 2. Likewise, Az, and Ar, are good triangles
and hence the angles of Ap; adjacent to L; are of size 3*/2, j = 1,2. Therefore, we
may assume that Ay, C Ag, and A, C Ag,. Consequently, S7 is a polynomial
of degree < k on Ay, and another polynomial of degree < k on Ar,. By the same
token, Ss is a polynomial of degree < k on A, and another polynomial of degree
< k on Ar,. We shall assume that Ar, C A; and Ap, C As, where Ay, Ay € A.

Further, denote by D; and Ds the bottom and top sides of T. We shall denote
by Vr = {v1,v2,v3,v4} the vertices of T', where v; is the point of intersection of Ly
and D; and the other vertices are indexed counter clockwise.

We shall use the notation d1(7") := 01 and d2(T) := d2. We always assume that
51(T) > 02(T). Clearly, d(T') ~ H; more precisely H < d(T') < H + 01 + 02.

Observe that by the construction of the sets T, A, and (3.14) it follows that
AUT consists of polygonal sets with disjoint interiors, Uasc 4 A Uper T = €, there
exists a constant ¢ > 0 such that

(4.30) H#A<cn, #T <cn,

and there exists a constant N3 such that each set from A U 7 has at most N3
neighbors in AU T.

We summarize the most important properties of the sets from 7 and A in the
following

Lemma 4.11. The following properties hold for some constant 0 < ¢ < 1 depending
only on the structural constants Ny, co and B of the setting:

(a) Let T € T and assume the notation related to T from above. If x € Ly with
|z —v;| > p, j = 1,4, then B(z,ép) C A, UAL,. Also, if x € Ly with |x—v;| > p,
Jj = 2,3, then B(x,ép) C A, UApr,. Furthermore, if x € Dy with |z — v;| > p,
j=1,2, then B(z,ép) C Ag, N Ag,, and similarly for x € Ds.

(b) Assume that E = [wy,ws)] is an edge shared by two sets A, A" € A. Let V4
be the set of all vertices on OA (end points of edges) and let V4. be the set of all
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vertices on 0A'. If v € E with |x —w;| > p, j = 1,2, for some p > 0, then
(4.31) B(z,ép) C AU A" Uyey,uv,, B(v,p).

Proof. Part (a) of this lemma follows readily from the properties of the trapezoids.
Part (b) needs clarification. Suppose that for some x € E with |z — w;| > p,
j=1,2, p >0, the inclusion (4.31) is not valid. Then exists a point y from an edge
E = [uy,us] of, say, DA such that |y — x| < p and |y — u;| > p, j = 1,2. A simple
geometric argument shows that if the constant ¢ is sufficiently small (depending
only on the parameter 8 of the setting), then there exists an isosceles trapezoid
TcApgnA 5 with two legs contained in E and E such that each leg is longer
than its larger base. But then the subdivision of the sets from U (see the proof of
Theorem 3.3) would have created a trapezoid in 7 that contains part of A. This is
a contradiction which shows that Part (b) holds true. O

We have the representation

(4.32) Si(z) = Sa(z) = > Pala(w)+ Y Prig(v),
AcA TeT
where P4, Pr € IIj,. Note that S; — Sy € WF=2(Q).
Let 0 < s/2<k—1+1/pand 7 < 1. Fix t > 0 and let h € R? with norm
|h| <t. Write v := |h|7'h and assume v =: (cosf,sin@), -7 < § < 7.
Since S1, S2 € W*=2(Q2) we have the following representation of A¥~'S;(z):

AFTLS; (x) = b / DES; (2 + wv) My—1 (u)du,
R

where My_1(u) is the B-spline with knots ug, w1, ..., uk—1, ue := £|h|. In fact,
My—1(u) = (k — 1)[uo, ..., up—1](- — u)%~? is the divided difference. As is well
known, 0 < My_1 < ¢|h|™!, supp My_1 C [0, (k — 1)|h]], and [{ My_1(u)du = 1.
Therefore, by AFS;(x) = A¥™1S;(x + h) — AF™1S;(x), whenever [z, z + kh] C Q,
we arrive at the representation
k||
(4.33) AFS;j(z) = |n[Ft DE7LS; (z + wv) M (w)du,
0

where M} (u) := My_1(u — |h|) — My_1(u).

In what follows we estimate ||A£Sl||z,(g) - ||AZSQ||ET(G) for different subsets G
of Q.

Case 1. Let T' € T besuch that d(T') > 2kt/¢ with ¢ the constant from Lemma 4.11.
Denote

Ty :={r€Q:[z,x+kh]| CQ and [z,z+kh]NT # 0}.

We next estimate [|A}S1[|7- 7,) = |A}S2T- (1)

Assume that T € T is a trapezoid positioned as described above in Properties
of New Trapezoids. We adhere to the notation introduced there.

In addition, let vy — vy =: |vg — v1|(cosy,sinvy) with v < 7/2, i.e. v is the
angle between D; and L. Assume that v =: (cosf,sin@) with 6 € [y,n]. The
case 0 € [—,0] is just the same. The case when 6 € [0,v] U [—m, —v] is considered
similarly.



NONLINEAR SPLINE APPROXIMATION 33

We set B, := B(v,2kt/¢), v € Vr. Also, denote
L A€ A:d(A) > 2kt/é and AN (T + B0, kt)) # 0},
A ={Aec A:d(A) <2kt/¢ and AN (T + B(0,kt)) # 0}
and
Th={T' €T :d(T') > 2kt/¢ and T' N (T + B(0,kt)) # 0},
Tho={T' e T:d(T') <2kt/¢ and T N (T + B(0,kt)) # 0}.
Clearly, #A% < ¢ and #7T} < ¢ for some constant ¢ > 0.

Case 1 (a). If [x,z + kh] C Ag,, then AFS;(2) = 0 because S; is a polynomial
of degree < k on Ag,. Hence no estimate is needed.

Case 1 (b). If [z, x + kh] C Uyey, By, we estimate |AFS; ()] trivially:

k
(4.34) |AFS) (z)| < |AFSo ()] + 2F Z |S1 (2 4 £h) — Sa(z + Lh)].
=0

Clearly, the contribution of this case to estimating [|A}S1[|7 g, ) — [A}S2[7- (7, ) 18

<e > Y 1S =Sl e Y, D>, 15— Salli- (s,

vEVT AC AL, ve€Vr T/ T4
tc Z Z 151 = S2llL-(B,nay + ¢ Z Z 151 = Sallz- (a1
veEVr AeUl. veEVr T'eTh,
< 37 dA)S) — Sallfuay + D ATy = Sl
Ac AL, T'eTh
+ Y cd(A))S1 = Sallfoay + D cd(T)ISL = Sell o
Aeul, T’ €%t

Here we used the following estimates, which are a consequence of Lemma 4.9:
(1) If A € A%, then

151 = S2llZ-(B,na) < c(IBul /|ADIIS1 = S2l7-(a)
< ct?d(A)7?[|S1 = Sall - (a) < et?d(A) 721 — Sal| T a)-
(2) If T" € T} and 6;(T") > 2kt /¢, then for any v € Vr we have
11 = SellZe (i, vy < l1BU/IT IS = Sell e vy < (772781 = Sl
< 5y ()27 (T2 S1 = Sall oy
< ct1+TS/2d(T/)TS/2—1H51 _ S2||2P(T’)’

where we used that 7s/2 < 1, which is equivalent to s < s+ 2/p.
(3) If T" € T4 and 6, (T") < 2kt/¢, then for any v € Vp

181 = Sallz- B,y < eI Bo NT'|/IT IS = SallL- (1)
< 0y (T)[6 (T (T ISy — SallT- ()
< ctd(T) 7 61 (T")d(T")] /2|8y — SollZe (1)
< T2 T2 8, — ol 7.
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(4) If A € Y, then
190 = Sall7r oy < 151 = Sallfr (ay < el AI/2]1S1 = Sall T
< cd(A)71S1 = S2ll o ay-
(5) If T’ € T, then
151 = Sall5 (o) < 151 = Sallfr oy < T[S0 = Sal[7iar
< cd(T")™||S1 = Sl Lo (rry-

Case 1 (c). If [x,x + kh] ¢ Uyey, By and [z, x + kh] intersects Dy or Ds, then
01 > 2kt/¢ > 2kt or §; > 2kt and hence [z,z + kh] C Ag, N Ag,, which implies
Ak S;(z) = 0. No estimate is needed.

Case 1 (d). Let I C T be the quadrilateral bounded by the segments L,
Ly — kh, D1 and the line with equation z = vy + uh, u € R, where vy is the
point of intersection of Lo with D, whenever this straight line intersects Lq. If
the line x = vy + uh, u € R, does not intersect L;, then we replace it with the line
x = v4 + uh, u € R. Furthermore, we subtract B,, and B,,, from Ii'ﬁ.

Set J& = I + [0, kh).

A simple geometric argument shows that |J1| < 26, kt.

In estimating ||A251||ZT(1;) there are two subcases to be considered.

If 01(T) < 2kt/¢, we use (4.34) to obtain
ARSI T () < NARS2IT- gy + 1181 = S2llTr gy + 151 = S2llTr (ynray)-
We estimate the above norms quite like in Case 1 (b), using Lemma 4.9. We have
151 = SallZ- (1) < c(|IEI/ITDIISY = Sall7- ()
< ety (T)[51(T)d(T)] 181 = S2ll T (ry < ctd(T) " T|™/?|1S1 — Sl 7o)
< ctd(T) " (8u(T)d(T)™/?|1S1 = Sal oy < ct™*72A(T)™/271[S1 — Sal| Lo -
For the second norm we get
|51 — 52||ET(J%QA1) < C|J%|||Sl - S2Hzoo(A1) < Ct2|A1|7T/p||Sl - SQHEP(Al)
< ct?d(A1) T P)S1 — Sall o4,y = et®d(A) T 72181 — Salla, ),

where as before we used the fact that 27/p =2 — 7s.
From the above estimates we infer

ARSI -1y < IARS2IIT e (1ny + et T 2A(T) /27|y = Sal| 7o

+ct?d(A1)72[S1 = Sa[Toca,)-

Let 61(T) > 2kt/¢. We use (4.33) to obtain
|ARS1(x)] < |ARSa(x)] + |AR(S1 — Sa)(2)]
< |AESy ()| + et DT (St — S2) | Lo (w04 kh])
implying
IALSUIT ) < IAES NG gy + LTSV D51 = $2) e gy

+ | T[T DDET (S1 = 82) |7 (ay)-
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Clearly,

IDy (81 — S2)ll oo 2ty < by (T)~*=V18y — Sal L (1)
< oy (T)~ k=777 8 — Sollpr (1) < by (T)~k=D=2/2 )18, — Soll e (1),

and
(4.35) IDE~1(S1 — S2) | (ay) < ed(Ar)~F D[Sy = Syl e (ay)

< ed(Ay)FTIT2PS) = So| o a,)-
Therefore,

HAZ&HET(I;&) < ||Ai§52||27(1;z) + et T gy ()T g SallZe (1)
e DA IS,

Case 1 (e) (Main). Let T} C T}, be the set defined by

(4.36) 1Ty := {z €Ty : [z, x+kh]NLy #0 and [z,z+kh| ¢ I} U B,,}.
vEVT

We next estimate ||A§51||ET(T;)-

Let x € T). Denote by b{ and by the points where the line through z and
x + kh intersects Ly and Lo. Set b = b(z) := by — by. We associate the segment
[z + b,z + b+ kh] to [z, 2 + kh] and AFSy(z + b) to AFS;(z).

Since S; € I on Ag, we have D¥~15, (y) = constant on [by,z + b] and hence

(4.37) DF18(by —uv) = DF1S (by —uv) for 0<u<|z—b.

Similarly, since Sy € I} on A g, we have D¥~1S55(y) = constant on [z + kh, by] and
hence

(4.38) DETLSy(by 4+ uv) = DE1S5(by +uv) for 0 <wu < |z +kh — b

We use (4.33) and (4.37) - (4.38) to obtain

k|h|
AES, (z) = \h|k*1/ DEL8y (@ + uw) M () du

[b1 —|

[b1 —a|
+RfE / D18, (@ + ) M (u)du
0

k|n|
- \h|’“‘1/ D18, (@ + ) M; (u)du
\

bl—m|

|br—=|
+|h|k71/ DF18) (x + b 4 uv) M} (u)du
0
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and
k|h|
AR Sy(z +b) = |hF? / DELS, (2 + b+ uv) M (u)du
|b1—z|
|b1—z|
+ \h|k_1/ DEZLSy (x + b+ uv) M (u)du
0
klh|
= |n|F1 / DF18o (x4 uv) M (w)du
|by—a]
|b1—z]
+ \h|k’1/ DELS, (2 + b+ uw) M (u)du.
0
Therefore,
AFSy () = AFSo(x +b) + Af(S1 — Sa) ()
"
= AFSo(x +b) +|hF! / D[St — S5] (2 + wv) M (w)du
b1 —z|
|b1—z|
+ \h|k71/ DF1[s, — So](z + b+ uv) M (w)du
0
and hence
(4.39) AL S1 ()] < AL S2(a +b)| + et H[DE™H(S1 — S2)ll oo (b 2+ £0)
+et" DT (S1 = S2) [l L (fotb.0a))
The key here is that ([by,z + kh|U [z +b,bo]) N T° = 0.

Let T;* := {x + b(x) : © € T} }, where b(z) is defined above. By (4.39) we get
ARSI T 7y < NAES2Tr ey + ctd(ADETF D DETH(S1 = S2) [T 4y
+ctd(Aa)tT VDS (S1 = S2) | Do )
Just as (4.35) we have
IDE1(S1 = Sa)ll Lo (ay) < cd(Ar) ™ TVIIS) = Sa| ooy
< ed(Ay)"FTIT2PY S — 8ol o(ay),

and similar estimates hold with A; replaced by As. We use these above to obtain

ARSI 7y < IAES2 (e ey + et TTEDA(A)TTED =228, — So||7, 4

et (A1 gy g7

It is an important observation that no part of ||AZ52||ET(T**) has been used for
h

estimation of quantities ||A}S; (|7, (.y from previous cases.
Putting all of the above estimates together we arrive at

(4.40) 1AKSIT- (1) < NARS2l|7 (1) + Y1 + Yo + Vs + Yo,
where

Yi= Y et?d(A) RS — Soll Ty + > cd(A)7)S1 = SallTacays
Aec Al AUl
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Y, = CtlJr'r(kfl)d(Al)177(1@71)727/;;”S1 _ SQH‘I[—,P(AI)
+ Ct1+‘r(k—1)d(Ag)l—T(k—l)—%-/P||Sl — S2H2p(,42):

Yar= D0 M TA(T) Y |S1 — ol ey
T'eTH

+ Y d(T) )81 = Sallpogy + et T 2A(T) Y IS) — Sall Loy
T'e%t

and
Y, o=t TN ()R D=2/ g Sao||To(ry, if 01(T) > 2kt/¢,
otherwise Yy := 0.

Remark 4.12. In all cases we considered above but Case 1 (e) we used the simple
inequality |AFS) (z)] < |AFSy(z)] + |AF (S — S2)(z)] to estimate ||A§Sl||ET(G) for
various sets G and this works because these sets are of relatively small measure. As
Example 3.2 shows this approach in principle cannot be used in Case I (e) and this
is the main difficulty in this proof. The gist of our approach in going around is to
estimate |A¥ Sy (z)| by using |AF Sy (z +b)| with some shift b, where |AF Sy (z+b)] is
not used to estimate other terms |A¥S;(2’)| (there is a one-to-one correspondence
between these quantities).

Case 2. Let Q} be the set of all € Q such that [z, z+kh] C Q, [z, 2+Ekh]NA # 0
for some A € A with d(A) > 2kt/¢, and [z,z + kh|NT = () for all T € T with
d(T) > 2kt/c.

Denote by V4 the set of all vertices on 0A and set B, := B(v,4kt/¢), v € Va.

We next indicate how we estimate |A¥S;(z)] in different cases.

Case 2 (a). If [x,x + kh] C A, then AFS;(z) = AFSs(z) = 0 and no estimate is
needed.

Case 2 (b). If [z,x + kh] C Uyey, B(v, 2kt /¢), we estimate |AFS;(z)| trivially:

k
|A}S1(z)] < [AESa(x)| + 28> [S1 (@ + th) — Sa(a + ¢h)].
=0

Case 2 (c). Let [x,z + kh] intersects the edge E =: [wy,ws] from OA, that is

shared with A’ € A and [z,z+kh] ¢ Uyev, By. Let y := EN[z, z + kh|. Evidently,

ly—w;| > kt/¢, j = 1,2, and in light of Lemma 4.11 we have [z, z+kh] C B(y, kt) C
AU A’. In this case we use the inequality

AkS1(@)] < |AES> ()] +]AF(S) — 52)(a)
< |AESa (@) + ct* T DETH(S1 — S2)ll oo ([, wt kb))
which follows by (4.33).
The case when [z, 2 + kh] intersects an edge from A that is shared with some
T € T is covered in Case 1 above.

We proceed further similarly as in Case 1 and in the proof of Theorem 4.5 to
obtain

(4.41) IAESUIT- o) < IAES2l|7- (s + Y1 + Ya,
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where
Yie= Y T ed(A) TR DTETR S — Sol|7
A€ A:d(A)>2kt/é
+ Y A8 = Sel Lo
A€ A:d(A)>2kt /&
and
Yy = Z cd(A)™*[|S1 = SaLo(a)

A€A:d(A)<2kt/E

> DTS = Sl
TET:d(T)<2kt/E

Case 3. Let Q}* be the set of all z € Q such that
[,z + kh] CU{A € A:d(A) <2kt/ctU{T €T :d(T) < 2kt/c}.

In this case we estimate |AF S (z)| trivially just as in (4.34). We obtain

HAZ&HET(QZ*) < ||AZS2||ET(Q;;) + Z cllS1 = Sall(a)
AcA:d(A) <2kt /&

+ Z cl|lS1 = SallL- (1)
TeT:d(T)<2kt/é

< ||A252||27(9;;) + Z cd(A)7*||S1 = Sal|7e(a)
A€ A:d(A)<2kt /e

> DS = Sl

TeTd(T)<2kt/c

Just as in the proof of Theorem 3.3 it is important to note that in the above
estimates only finitely many norms may overlap at a time. From above, (4.40), and
(4.41) we obtain

wi(S1,8)7 < wi(Se,t)T + Ay + Ty,
where

hom Y R s s,
ACA:d(A)>2kt /)&

+ Z ct?d(A)T5 72|18 — S2/| e (a)
A€ A:d(A)>2kt /&

+ > cd(A)7||S1 = Sa2l|7e a)-
AEA:d(A)<2Kkt/E
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and
']I‘t :: Z Ct1+7—(k—1)51 (T>1—T(k—1)—27—/p||51 — 52”};1,(71)

TeT:0:1(T)>2kt/¢

+ Y gy () D2 s — Sl
TeT:02(T)>2kt/¢

+ > et RAT)T Y S = Sy Ty
TeT:d(T)>2kt /&

i 3 cd(T)™°|1S1 = Sall Loz
TeT:d(T)<2kt/¢

We insert this estimate in (2.1) and interchange the order of integration and

summation to obtain

|Sl|;s,k S |SQ ;s,k + Zl + Z27

where
ad(A)/2k
Zi=c Z d(A 1 T(k—1)— 27/p||51 S2H2P(A)/ st (E=1) gy
AcA 0
ed(A)/2k
e dA)TS) = SallTpa / st g
AcA 0
4 ST dA)YIS) = SalTeia / T lgy
Ig 4) ed(A)/2k
and

é61(T)/2k
Zo _CZ 51 1 T(k—1) 2T/pH51 SQ”E”(T)/ =TsHT(R=1) gy
TeT 0

c62(T)/2k
te Z 52 1 T(k—1) 27'/;0”51 SQ”EP(T) / t*‘rer‘r(kfl)dt
TeT 0

ad(T)/2k
+e Z d(T)TS/2_1||Sl _ S2||7L—P(T)/ =782t
TeT 0

4o X AT~ Saller, | T

TeT
Observe that —7s + 7(k — 1) > —1 is equivalent to s/2 < k — 1 + 1/p which holds
true by the hypothesis, and —7s/2 > —1 is equivalent to s < 2/7 = s 4+ 2/p which
is obvious. Therefore, all integrals above are convergent and taking into account
that 2 — 27/p — 7s = 27(1/7 — 1/p — s/2) = 0 we obtain

|51/ 50 < 1Salen +¢ D 181 = S2llZo(a)
AEALT

T/p
< 12/7,.0 +CnT(l/T—l/p)( 3 s - SzHZp(A))
AcAUT

_ ‘52 Ts/2

where we used Holder’s inequality. This completes the proof of Theorem 4.2. O

Bek +en™ S Loy
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